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Resume 

La theorie non commutative des champs est un candidat possible pour la 
quantification de la gravite. Dans notre these nous nous interessons plus pre- 
cisement au models (j)^ sur le plan de Moyal dans un potentiel harmonique, 
introduit par Grosse et Wulkenhaar. Dans ce modele la dualite de Langmann- 
Szabo presente au niveau du vertex est etendue au propagateur. Le long de nos 
etudes plusieurs resultats ont ete obtenus concernant ce modele. Nous avons 
ainsi prouve la renormalisabilite a touts les ordres directement dans I'espace des 
positions. Nous avons introduit la representation parametrique du modele, ainsi 
que la representation de Mellin Complete. Nous avons prouve que le flot de la 
constants de couplage est borne a tons les ordres de la theorie des perturbations. 
De plus nous avons introduit la regularisation et la renormalisation dimmensio- 
nelle du modele. Les directions futures de recherche comprennent I'etude des 
theories dc jauge sur le plan dc Moyal et leur possible pertinence pour la quan- 
tification de la gravitation. Les liens avec la theorie des cordes et la gravitation 
quantique a boucles pourront aussi 6tre detailles. 

Abstract 

Non commutative quantum field theory is a possible candidate for the quanti- 
zation of gravity. In our thesis we study in detail the (?i4 model on the Moyal 
plane with an harmonic potential. Introduced by Grosse and Wulkenhaar, this 
model exhibits the Langmann-Szabo duality not only for the vertex but also 
for the propagator. We have obtained several results concerning this model. We 
have proved the rcnormalisability of this theory at all orders in the position 
space. We have introduced the parametric and Complete Mellin representation 
for the model. Furthermore we have proved that the coupHng constant has a 
bounded fiow at all orders in perturbation theory. Finally we have achieved the 
dimensional regularization and renormalization of the model. Further possible 
studies include the study of gauge theory on the Moyal plane and there possible 
applications for the quantization of gravity. The connections with string theory 
and loop quantum gravity should also be investigated. 
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Chapitre 1 

Introduction 



Aujourd'hui la physique est une des sciences les plus accomplies. Elle ex- 
plique avec une precision remarquable les plienomenes les plus divers, sur une 
plage d'echelles comprise entre I'echelle du systeme solaire et I'echelle nucleaire. 
Entre ces deux limites les lois physiques fondamentales (la mecanique quantique, 
relectromagnetisme, la gravitation, etc.) sont aussi bicn prcdictivcs que simples. 
Elles comportent un nombre reduit de parametres et de postulats. Les pheno- 
menes emergents, comme la chimie, la biologic, etc., sont tres complexes a cause 
du grand nombre des constituants et non pas de la complexite des principes 
fondateurs. 

La situation degenere au fur et a mesure qu'on s'ecarte de cette fen6tre 
d'energics : on manque dc modclcs non sculcmcnt suffisammcnt predictifs mais 
surtout mathematiquement satisfaisants. Le modele standard, qui s'est impose 
pour la description de la physique a petite echelle, a plus de 30 parametres 
independants et son Lagrangien est compose de plus de 100 termes. 

Toutes les theories physiques comprennent deux aspects : les lois valides a 
une certaine echelle d'energie et la fagon dont elles influencent les lois "efTectives" 
a d'autres echelles d'energie. Par exemple la mecanique quantique fournit une 
description presque parfaite des phenomenes a I'echelle atomique, mais il n'est 
pas raisonnable de I'appHquer directement au calcul de la pression d'un gaz dans 
une boite. Pour ce calcul on doit utiliser la mecanique statistique classique. 

Les phenomenes a I'echelle nucleaire sont decrits par la theorie des champs. 
Elle combine la mecanique quantique et la relativite restreinte (ce qui constitue 
un pas vers I'unification) et elle a une puissance predictive impressionnante. 
L'histoire de la theorie des champs est remarquable en elle-meme. Proposee 
dans les annees 40 elle a failli 6tre abandonnee dans les annees 60 pour revenir 
en force dans les annees 70. 

L'outil conceptuel le plus neuf de cette theorie est la renormaHsation. Au 
debut simple "recette de cuisine" utile pour cacher des quantites infinies dans 
des parametres non physiques, la renormaHsation est devenue un des concepts 
de base de notre comprehension de la physique a tres courte echelle grace a 
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rinterpretation moderne a la Wilson. 

Etant donne une theorie a une echelle d'energie elevee, la renormalisation 
nous indique comment cette theorie se transforme a toutes les echelles d'energie 
plus basses (done a plus grande distance). Ainsi, il se pent que la structure de 
la theorie se reproduise, mais les valeurs de ses parametres changent (et dans 
06 cas la theorie est dite renormalisable) , ou il se pent que la theorie initiale 
engendre une autre theorie effective completement differente. 

Comme nous ne connaissons pas la theorie ultime, nous pouvons supposer 
qu'a une energie tres elevee on a un reservoir avec toutes les theories possibles. 
Si I'une de ces theories ne survit pas sur plusieurs echelles alors, plutot qu'une 
veritable theorie universelle, elle est un accident du point de vue des autres 
echelles. Par contre, si la theorie se reproduit sur plusieurs echelles nous allons la 
rencontrer generiquement. Cette remarque nous mene a considerer de preference 
des theories renormalisables pour decrire la physique. 

Parmi les theories des champs possibles nous nous interessons aux theories 
des champs sur des espaces non commutatifs (TCNC). Ces theories pourraient 
etre adaptees a la description de la physique au-dela du modele standard. De 
plus, elles sont certainement pertinentes pour la description de la physique en 
champ fort. La question de leur renormalisabilite est done fondamentale pour 
savoir si ces theories sont generiques et universelles au sens decrit ci-dessus. 
C'est I'etude de cette question qui est le theme central de notre these. 

Comme la renormalisation est une technique assez compliquee nous devons 
nous poser la question du niveau de rigueur des resultats que nous souhaitons 
avoir. II y a trois niveaux de rigueur que nous pourrions nous proposer dans 
notre etude. 

Un resultat pent etre verifie jusqu'a un certain ordre de la theorie de pertur- 
bations. C'est le niveau auquel s'arrete le physicien experimentateur. Le modele 
standard a ete verifie dans les experiences de haute energie jusqu'a I'ordre trois 
au moins dans certains effets fins comme le calcul du facteur g — 2 de I'electron 
predit avec dix chiffres en electrodynamique quantique 0. Du point de vue du 
groupe de renormalisation la plus spectaculaire verification est la variation de la 
constante de structure fine par deux pour cent sur la plage d'echelle accessibles 
aux experiences au LEP. 

Le deuxieme niveau de rigueur que nous pouvons nous proposer est de prou- 
ver un resultat a tons les ordres dans la theorie des perturbations. C'est le 
niveau du physicien theoricien, et c'est a ce niveau-ci que nous presentons tons 
les travaux de notre these. 

Le troisieme niveau est constructif. C'est le niveau ultime du physicien ma- 
thematicien. II s'agit par exemple de prouver la ressommation au sens de Borel 
des series de perturbations en une fonction, et ensuite d'etendre les proprie- 
tes prouvees pour la serie a sa somme de Borel. Des developpements recents 
prometteurs existent dans cette direction qui nous permettent d'esperer que la 
construction des modeles de theories des champs sur des espaces non commu- 
tatifs ne va pas tarder. 



Ce facteur est la quantite physique predit avec la plus grande precision par une theorie. 
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Dans le chapitre suivant nous prcscntons une introduction gcncralo aux theo- 
ries des champs sur des espaces non commutatifs. Le chapitre trois comprend une 
introduction generale au modele $4* sur I'espace de Moyal et presente d'autres 
modeles traites par nous. Les chapitres quatre a huit presentent differents resul- 
tats obtenus au cours de notre these. Le chapitre neuf presente les conclusions 
de cette these. Le chapitre dix presente quelques aspects techniques concernant 
le plan dc Moyal. Les appendices contiennent les difTerents travaux qui sont a 
la base de nos resultats. 



Chapitre 2 



Historique et problematique 



L'idee de chercher une representation geometrique nouvelle du monde a tres 
petite echelle est bien plus ancienne qu'on ne pourrait le croire. Des idees dans 
ce sens ont ete avancees par Schrodinger [l] des I'annee 1934. Reprises par Hei- 
senberg [2], Pauli et Oppenheimer, ces idees sont pour la premiere fois formulees 
mathematiquement par Snyder 1^. Les etudes initiales ont ete motivees d'une 
part par I'etude des particules dans des forts champs magnetiques et d'autre 
part par I'espoir que le comportement a petite echelle (UV) de telles theories 
sera ameliore. 

Apres ces travaux initiaux, l'idee de combiner une non-commutativite des 
coordonnees avec la physique a ete longtemps neghgee a cause principalement 
des difficultes mathematiques (notamment Hees a I'invariance de Lorentz) et du 
developpement spectaculaire des theories des champs commutatives. 

Nous avons aujourd'hui plusieurs raisons de nous interesser de nouveau aux 
TCNC. Nous les rencontrons comme candidates pour la physique des hautes 
energies mais aussi comme une description naturelle de la physique des par- 
ticules non relativistes dans un champ magnetique fort. L'effet Hall quantique 
decouvert en 1980 par von Klitzing \4\ a ete I'une des plus grandes surprises de la 
physique moderne : les electrons dans un champ fort ont un comportement col- 
lectif qui conduit a la quantification de la resistance. L'effet Hall fractionnaire, 
mis en evidence par Tsui et Stormer |5j n'a pas ete prevu par les theoriciens et 
il est encore plus surprenant. Les travaux theoriques sur ce sujet ont culmine 
avec I'introduction par LaughHn [6] d'une fonction d'onde non locale decrivant 
le liquide de Hall. Cette fonction d'onde pent etre interpretee en termes d'un 
gaz d'anyons, des objets ayant des charges fractionnaires. Ces objets ont ete 
mis en evidence experimentalement sous la forme de bruit de grenaille (voir [7] 
pour une presentation detaillee). Dans ces experiences nous "voyons" en quelque 
sorte concretement les charges fractionaires. 

En plus de la description de LaughHn nous disposons d'une description d'un 
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systeme de Hall en terms d'une theorie de champ de Chern Simons. Une inter- 
pretation de cette theorie en terme de particules composees formees d'electrons 
habilles avec des quanta du champ magnetique a ete proposee par Read [8j. 

Les deux descriptions de I'effet Hall font intervenir des objets non locaux. 
Leur analyse devrait faire intervenir en consequence des theories de champs 
non locales. La non-localite pent, a son tour, etre traduite comme provenant 
d'une description non commutative de I'espace. Ces considerations ont mene 
Susskind IDj a conjecturer que I'effet Hall devrait etre bien decrit par une theorie 
de Chern Simons non commutative. Ses travaux formels ont ete afffnes par 
Polychronakos [lOj qui a propose une version matricielle avec des coupures raides 
(sharp cutoffs) du modele de Chern Simons non commutatif comme theorie 
finitaire utilisable dans la description de I'effet Hall. Van Raamsdonk et al. [11] 
ont mis en correspondance les etats propres de la theorie de Polychronakos avec 
les fonctions d'onde de Laughlin. Ces idees sont a la base de I'etude des liquides 
non commutatives (voir [12] pour une presentation du sujet). 

Nous esperons que le developpement dans cette these du groupe de renorma- 
lisation adaptee aux TCNC s'appliquera a ces problemes. II n'existe pas encore 
une etude de la renormalisation des theories de champs qui s'appliquent a I'effet 
Hall. Les comportements a longue distance caracteristiques de I'effet Hall de- 
vraient pouvoir etre compris en termes d'un flot du groupe de renormalisation. 
Une telle etude apporterait I'expHcation ab initio de I'effet Hall fractionnaire 
ainsi qu'une description precise et unifiee des transitions entre tons les plateaux 
de Hall. 

La deuxieme raison en faveur de I'etude des TCNC est la physique des hautes 
energies. Nous allons maintenant nous concentrer sur les arguments apportes par 
cette physique car la bonne theorie de la gravitation quantique reste a ce jour 
le "Graal" de la physique theorique moderne. 

Une fois le modele standard formule dans les annees 70 les physiciens ont 
commence a se poser serieusement le probleme de la quantification de la gravi- 
tation. Apres de nombreux efforts dans cette direction nous avons aujourd'hui 
plusieurs candidats pour cette theorie quantique de la gravitation. Parmi ces 
propositions la theorie des cordes et la gravite quantique a boucles sont les plus 
elaborees. 

La theorie des cordes a ete introduite dans les annees 70 par Veneziano 
comme theorie effective des interactions fortes. A partir des travaux de 1984 de 
Green et Schwarz, qui prouvent I'absence d'anomahes, elle s'est imposee comme 
la proposition dominante dans la physique au dela du modele standard. Les 
cordes supersymetriques semblent promettre une bonne theorie de la gravitation 
quantique. Le principal succes de cette theorie reste a ce jour la presence du 
graviton (particule de masse nulle et spin 2) dans le spectre de la corde fermee. 
Ainsi elle nous fournit un formalisme qui unifie naturellement les champs de 
jauge avec les gravitons. 

De plus I'entropie des trous noirs a ete calculee par Strominger et Vafa ^3] 
et ensuite Maldacena et al. [i4j. Ce calcul, un grand succes de la theorie des 
cordes, est cependant limite a des trous noirs tres particuliers {Q ~ M, appellee 
aussi quasi-extremaux) . 
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D'autre part, malgre de nombreux efforts dans ce sense, la seconde quantifica- 
tion de la theorie des cordes et I'identification du vide restent non completement 
elucides. La possibilite de vides multiples compatibles avec la phenomenologie 
actuelle (le probleme du "paysage") rendent les predictions physiques difficiles. 

La gravite quantique a boucles renonce totalement aux notions geometriques 
habituelles et essaie de les retrouver comme engendrees dynamiquement. L'ob- 
jet fondamental dans cette theorie sont les reseaux de spins. Nous essayons 
d'associer a chaque configuration d'un reseau de spins un espace-temps. Cette 
hypothese, certes seduisante est tres difficile a manipuler et donne difficilement 
des predictions. 

Parmi les avancees recentes dans la domaine de la gravite quantique on 
doit aussi mentionner les theories de la relativite modifiees comme la relativite 
doublement restreinte. Cette derniere rend compte d'une longueur minimale 
egale pour tons les observateurs, fixee a I'echelle de Planck. On ne dispose pas 
pour I'instant d'un schema de quantification satisfaisant de telles theories. 

Pour tous ces raisons une theorie mathematiquement plus simple qui rende 
compte d'une partie des caracteristiques des theories presentees auparavant se- 
rait fort souhaitable. 

Les TCNC etudiees dans cette these sont un autre candidat a la quantifi- 
cation de la gravite. A cause de leur enorme succes experimental les theories 
des champs commutatives sont notre point de depart. Nous voulons trouver une 
description des phenomenes reconstituant dans une certaine limite la theorie 
des champs commutative mais qui, en plus, prenne en compte des effets de la 
relativite generale. 

La theorie mathematique de la geometric non commutative a ete developpee 
dans les annees 80-90 par des mathematiciens comme Alain Connes, Michel 
Dubois- Violette, John Madore, etc.. Leurs travaux mathematiques ont semble 
au debut peu lies a la physique. 

Tout a change dans les annees 90. Plusieurs resultats de la theorie des cordes 
ont pointe vers un regime limite de la theorie de type IIA decrit par la theo- 
rie non commutative sur le plan de Moyal. Cela, et I'espoir de construire des 
theories automatiquement regularisees dans I'UV, a relance la recherche sur les 
TCNC. Assez tot Filk [17] s'est rendu compte que dans les nouvelles TCNC 
le secteur planaire a le meme comportement que les theories commutatives. La 
renormalisation du secteur planaire de ces theories, qui contient une infinite de 
graphes, est done necessaire. 

Les theories de jauge non commutatives sur le plan de Moyal ont attire 
I'interet a partir des travaux de Martin et Sanchez- Ruiz en 1999 [18j. Des etudes 
ont ete menees sur le tore non commutatif par Sheikh- Jabbari [T^ . Les auteurs 
ont verifie la renormalisabilite a une boucle de ces theories. 

Ces travaux ont culmine avec les travaux de Seiberg et Witten en 1999 pO]. 
Ces auteurs ont donne une relation (strictement formelle) entre les theories de 
Yang-Mills non commutatives et les theories ordinaires. Cette relation a engen- 
dre une activite febrile et de milliers des papiers sur le sujet. Dans la meme 
periode, les travaux de Maldacena [21] ont mis en relation la theorie des cordes 
et les theories de jauge maximalement supersymetriques. Nous voyons ainsi un 
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triangle de relation se developper entre les theories des champs commutatives, 
les TCNC et la theorie des cordes. 

D'autre part, dans les annees 97 Chamseddine et Connes [22] ont trouve une 
reformulation du modele standard (au niveau classique) en terme d'un principe 
d'action spectrale sur une geometric non commutative tres simple. Leurs tra- 
vaux ont inspire un vif interet (specialement du c6te des mathematiciens) et les 
actions spectrales ont aujourd'hui une vie scientifique propre. Malgre I'incontes- 
table reussite de condenser le modele standard sous une forme tres compacte ces 
travaux suivent encore les schemas de quantification habituelle. En particulier 
ils ne fournissent pas un nouveau groupe de renormalisation pour le traitement 
du modele standard ni une comprehension nouvelle de la gravite quantique. En 
ce sens les action spectrales semblent 6tre seulement le sommet d'un iceberg non 
commutatif encore largement a decouvrir. 

Les TCNC ont ete ensuite mis en relation avec la M-theorie compactifiee sur 
des tores, et une etude approfondie des instantons et solitons dans les TCNC a 
ete menee par Nekrasov [23]. En plus la geometric non commutative s'est averee 
un outil tres puissant pour la quantification par deformation dans la theorie des 
cordes. L'etude des groupes et groupoi'des quantiques a ete entreprise a I'aide 
de la geometric non commutative. 

Entre les annees 1995 et 2000 les progres rapides dans les TCNC amenerent 
I'espoir de faire des calculs plus stirs et plus pousses que dans la theorie des 
cordes. Les TCNC avaient ete prouvees renormalisables a une et deux boucles 
et tout le monde supposait qu'elles le seraient a tous les ordres. Un papier de 
2000 par Chepelev et Roiban (U (revele aujourd'hui faux) semblait dire que 
c'etait vraiment le cas. On avait alors une reformulation elegante du modele 
standard, et on commengait a comprendre tres bien les theories de jauge non 
commutatives. Un compte-rendu de I'etat des TCNC dans I'annee 2001 se trouve 
dans [25]. 

Les premiers troubles sont apparus peu apres le papier de Chepelev et Roi- 
ban. Minwalla, Van Raamsdonk et Seiberg |2^ ont trouve un probleme qui avait 
echappe a ces auteurs : il existe des graphes non-planaires qui sont convergents 
UV grace a certains facteurs oscillants mais qui, a cause de leur comportement 
IR, inseres dans des graphes plus grands engendrent des divergences (ce pheno- 
mene est explique en detail dans le chapitre suivant). Ces divergences ne sont 
pas renormalisables et portent le nom de melange UV/IR. Malgre ce probleme, 
le comptage de puissance de Chepelev et Roiban semblait etre correct. On salt 
aujourd'hui que ce n'est pas le cas. Meme leur theoreme de comptage des puis- 
sances (sans preuve publiee) s'est revele en fait errone. 

Le melange UV/IR est un probleme fondamental des TCNC. Toute theorie 
des champs reels va souffrir de ces divergences. Malgre de nombreux efforts afin 
de surmonter ce probleme on n'a pas trouve de solution satisfaisante pendant 
quelques annees. Entre temps les TCNC ont ete abandonnees par une bonne 
partie de la communaute des cordes. 

Pourquoi revenir sur des theories qui semblent inconsistantes ? Nous allons 
presenter un "Gedanken Experiment" en faveur des TCNC. 

Commengons par un argument classique de mecanique quantique, presente 
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par Fcynman. Quand nous mcsurons la position d'unc particule (supposons 
un electron) nous Tilluminons avec un photon. Nous observons le processus 
d'absorbtion du photon par I'electron. 

La precision de la mesure de la position de I'electron est donnee par la lon- 
gueur d'onde du photon. Cette limitation est due au fait que la probabilite de 
presence du photon est etendue sur une largeur spatiale donnee par sa lon- 
gueur d'onde. Pour I'augmcntcr on doit utiliser dcs photons d'cncrgic dc plus 
en plus haute. Les photons vont subir un choc avec les electrons, et vont leur 
communiquer une certaine impulsion. Comme le choc est elastique on ne pent 
pas afBrmer avec precision quelle impulsion va etre transferee entre les photons 
et les electrons. L'impulsion de transfert maximal nous donne I'incertitude sur 
I'impulsion de I'electron. Les photons avec de hautes energies vont perturber 
l'impulsion de I'electron de plus en plus. Les deux mesures sont concurrentes : 
accroitre la precision de la mesure de la position d'un electron va augmenter I'in- 
certitude de la mesure de son impulsion. Nous sommes ainsi forces d'introduire 
le principe d'incertitude de Heisenberg. 

Toutes les theories qui essaient de decrire I'au-dela du modele standard ont 
converge sur I'idee qu'il existe une echelle fondamentale dans la nature ou les 
effets de la quantification de la gravitation seront ressentis : I'echelle de Planck 
ip. Le rapport entre cette echelle et I'echelle de la corde joue un role essen- 
tiel dans la theorie des cordes. En m6me temps c'est I'echelle unite du reseau 
de spin dans la gravitation quantique, et I'echelle invariante dans la relativite 
doublement restreinte. 

II est assez naturel de conjecturer qu'a cette echelle la nature m6me de 
I'espace-temps presente des changements profonds. II devrait etre impossible de 
locaHser un objet avec une precision plus petite que la longueur de Planck. Ce 
qui est plus profond et moins evident au sujet de I'echelle de Planck c'est qu'elle 
est plus profondement une echelle d'aire qu'une echelle de longueur. 

Faisons une experience de pensee inspiree par I'experience classique de Feyn- 
man. Nous voudrions mesurer la position d'un electron dans I'espace-temps. 
Supposons qu'on est loin de toute matiere done que I'espace temps est plat. 
Nous envoyons un photon (ou toute autre particule) dans la direction de I'elec- 
tron. Nous essayons de mesurer la position de I'electron a I'aide de ce photon. 
La longueur d'onde associee a un photon libre d'energie i? est A ~ hcE^^ . C'est 
la precision maximalc avec laquelle on pent localiser le photon dans sa direc- 
tion de mouvement (et dans le temps). C'est ainsi la precision de la mesure de 
la position du point dans ces deux directions. .Jusqu'ici on n'a pas innove par 
rapport a I'experience dc Feynman. Mais supposons maintenant qu'on veuille 
mesurer en m6me temps la position du point sur les directions transversales 
au mouvement du photon. A tout photon d'energie E on associe un rayon de 
Schwarzschild rs ~ GEc^^. Ce rayon represente I'horizon du photon. Aucune 
information (comme la position d'un electron a I'interieur de cet horizon) ne 
pent le franchir. Ce que nous pouvons affirmer avec certitude c'est que le point 
est soit a I'interieur soit a I'exterieur de I'horizon. Le rayon de Schwarzschild 
nous donne une borne sur la precision de la localisation du point sur les deux 
directions orthogonales au mouvement du photon. Comme rs augmente avec 
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I'energie, les mesures de la position d'un point sur les directions paralleles et 
orthogonales a son mouvement sont incompatibles ! 

Le produit de ces deux incertitudes est Xrs — ^p. On ne pent pas sonder 
la geometrie sur des aires plus petites que cette aire fondamentale, le concept 
d'espace-temps continu doit etre repense ! 

Ce argument est classique et a ete largement debattu au cours du temps. 
La principale critique qu'on lui a oppose c'est qu'il repose sur le prejuge que la 
relativite generale s'applique a des echelles ou elle n'a jamais ete testee. Cette 
critique n'est pas totalement fondee. En effet le seul ingredient de relativite 
generale dont on s'est servi est la notion d'horizon. Cette notion est beaucoup 
plus large que la relativite generale. La thermodynamique des trous noirs, dont 
la theorie microscopique est gouvernee par une theorie quantique de la gravite 
encore a decouvrir, est fondee sur cette notior0- 

La fagon la plus simple d'engendrer un principe d'incertitude entre les po- 
sitions est d'introduire la non-commutation des coordonnees (en tant qu'opera- 
teurs quantiques) : 

[x\x^]^i0'^ , (2.1) 

ou 9 est une nouvelle constante analogue a la constante de Planck. Un espace 
de ce type porte le nom d'espace de Moyal. Nous pouvons evidemment essayer 
de traiter des commutateurs plus compliques 9''^ (x) . 

Get argument simple nous dit que les TCNC sont fondamentales pour la 
comprehension de la physique a I'echelle de Planck ! Nous devons done chercher 
des solutions afin de contourner les problemes de ces theories comme le melange 
UV/IR! 

La solution du melange a du attendre les annees 2003-2004 et les travaux 
fondateurs de Crosse et Wulkenhaar [27 , ,28 t l29] portant sur le modele cj)'^ sur I'es- 
pace de Moyal M^. Le vertex de cette theorie possede une symetrie non trivial^ : 
il a la meme forme dans I'espace des positions et dans I'espace des impulsions. 
L'idee de Grosse et Wulkenhaar a ete de modifier aussi le propagateur du mo- 
dele pour obeir a cette symetri^ ! Cette modification relie les regimes UV et IR 
au niveau de Taction libre et constitue la bonne solution du melange. Grosse et 
Wulkenhaar ont pu prouver que le modele ainsi modifie est renormalisable 
a tous les ordres de perturbation. Nous allons dorenavant appeler ce modele 
vulcanise. 

Leurs travaux ont ete ensuite repris et developpes et la grande majorite des 
resultats de notre these porte sur ce sujet. 

Nos etudes nous poussent a completement changer notre intuition habituelle 
sur les petites et les grandes echelles. II s'avere que penser aux echelles en termes 
de distance n'a plus de sens dans les TCNC : il y a une symetrie entre les 
comportements a longue et courte distance. Seul a un sens de parler de zones 

^En effet, comme tout objet ne peut etre observe qu'a travers son horizon, nous disposons 
aujourd'hui d'une entiere theorie physique basee sur le principe holographique, disant que tout 
phenomene observable doit etre decrit comme une theorie sur la frontiere du phnomene. 

^Introduit par Langmann et Szabo [30) . 

^Un terme du meme type a ete deja introduit dans [31] mais dans un contexte tres different. 
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de haute et basse energie. Comme I'energie est bornee inferieurement on a une 
seule direction du groupe de renormalisation ! Ce point de vue pent etre qualifie 
de spectral, car on base notre analyse sur le spectre du hamiltonien. II rejoint 
ainsi les ideas de Taction spectrale et nous fournit probablement le bon cadre 
pour leur quantification future. 

Nous pouvons adopter deux attitudes envers ce probleme : soit essayer de 
trouver le plus vite possible le maximum de modeles ayant la symetrie de 
Langmann-Szabo et qui ne presentent pas de melange, soit essayer de com- 
prendre en plus grand detail la theorie $4^ et le nouveau groupe de renormali- 
sation qui lui est associe. Le long de cette these nous allons prendre le deuxieme 
point de vue. Nous esperons ainsi degager le plus grand nombre de traits spe- 
cifiques des TCNC sur I'espace de Moyal, et developper une panoplie d'outils 
plus complete. 

Parmi les modeles recents vulcanises de TCNC nous avons le modele de 
Gross-Neveu etudie par Vignes-Tourneret [32] et des propositions de theories de 
jauge developpees independemment par Grosse et al. [33], de Goursac et al. [34] . 
Tandis que le modele de Vignes-Tourneret a ete prouve renormalisable nous ne 
disposons pas encore de preuve que les theories de jauge recemment propose le 
soient. Le modele ^g'^ a ete prouve renormalisable par Gross et Steinacker |35) . 
et le modele $3^ par Zhi Tuo Wang. 

Le premier trait specifique des TCNC est la non-localite. Comme la notion 
de point perd son sens il est inevitable de perdre la notion de localite. Cette 
perte et tous les problemes correspondants d'unitarite et perte d'invariance sous 
le groupe de Poincare font que les TCNC ont des difEcultes a s'imposer dans la 
communaute des physiciens. 

Cependant une non-commutation de type Moyal est covariante sous le groupe 
de Lorentz restreint. Nous considerons les TCNC comme une premiere etape en 
direction de la physique de I'echelle de Planck. Nous conjecturons qu'au fur et 
a mesure qu'on monte dans les energies on va rencontrer des comportements 
de TCNC sur I'espace de Moyal qui seront ensuite remplaces par des compor- 
tements plus compliques avec un parametre 9 qui deviendra sans doute dyna- 
mique, jusqu'a I'echelle de Planck oil nous esperons atteindre une formulation 
reellement independante du fond. 



Chapitre 3 



Le modele $ 




Nous voulons entreprendre une etude qui nous revele avec precision le plus 
grand nombre des traits specifiques des TCNC. Pour cela nous sommes forces de 
choisir un espace non commutatif tres simple. Par la suite nous aliens nous placer 
sur I'espace de Moyal. Sa description precise se trouve dans rappendix llO.il En 
quelques mots, il s'agit de I'espace muni d'un produit non commutatif de 
fagon que le commutateur des deux coordonnees soit une constante. 

3.1 Definition du modele 

Nous voulons generaliser le modele $4 commutatif defini par Taction : 



qui decrit un boson charge muni d'une interaction a quatre corps. 

Dans un premier temps on va simplement remplacer les produits par des 
produits de Moyal : 



S = / * d^4>{x) + -ix^ * cj){x) + -0 * <^ * <^ * (b{x)] , (3.2) 



ou ★ est le produit de Moyal defini par IjlO.ip . 

Une propriete (|10.5p du produit de Moyal est que dans toute integrale qua- 
dratique on pent le remplacer par le produit habituel. Par consequent la partie 
libre de Taction est celle habituelle (commutative), la difference entre ce mo- 
dele et le modele correspondant commutatif provenant exclusivement du terme 
d'interaction (explicite en eq. I|10.8p ). 

Pour un champ scalaire reel, le modele nai'f souffre d'un nouveau type de 
divergence : le melange ultraviolet infrarouge. II existe un graphe (appele tadpole 
non planaire pour des raisons qui seront plus claires par la suite), represente 
dans la figure \3A\ qui est convergent ultraviolet, mais qui, enchame un nombre 




(3.1) 
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Fig. 3.1: Le tadpole nonplanaire 



arbitraire de fois dans une boucle, engendre une divergence infrarouge aussi forte 
que Ton veut. 

Son amplitude a impulsion de transfert p est : 



et Ton pent engendrer une puissance negative de p toute aussi grande que Ton 
desire ! Cette divergence ne peut pas etre reabsorbee dans la redefinition des 
parametres initiaux de la theorie et rend la theorie non renormalisable. 

Ce type de divergence s'avere etre tres generique dans la TCNC. Non seule- 
ment elle est presente dans toutes les theories reelles definies sur I'espace de 
Moyal, mais elle est aussi presente pour des theories definies sur des varietes 
non commutatives plus generales. 

II est vrai que ce melange n'est pas present dans une theorie complexe, car les 
graphes comme le tadpole non planaire ne sont pas permis dans un tel modele, 
mais cette solution n'est pas satisfaisante. C'est plutot un accident du aux regies 
de contraction qu'une solution de principe. 

Malgre de nombreux efforts sur ce sujet, le melange n'a pu etre resolu qu'avec 
I'introduction par Grosse et Wulkenhaar d'une modification de Taction initiale 
du modele. 

Le vertex de ce modele possede une symetrie non triviale : son expression 
dans I'espace des impulsions et des positions est identique ! On appelle cette 
symetrie la dualite de Langmann-Szabo. La percee de Grosse et Wulkenaar 
consiste dans I'addition d'un nouveau terme quadratique dans Taction pour 
rendre covariante sous cette transformation aussi la partie fibre du modele. Le 
modele de "vulcanise" qui sera analyse en detail tout le long de cette these 
est done decrit par Taction : 



avec X — 20~^x. 

Les etudes initiales de ce modele ont ete menees dans la base matricielle 
(BM) introduite dans Tappendice 110.11 Nous presentons par la suite un bref 
survol des principaux resultats obtenus par ces methodes. 




(3.3) 




(3.4) 
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3.2 L'action dans la BM 

L'action 113.41) s'ecrit dans la base matricielle comme : 

\4>mnHmn,kl4>kl + 



S = 2tt9 ^ {4>mnHmn,kl4'kl + ^4>mn4>nk4'kl4'lmj , (3.5) 



ou par (p on a note la matrice hermitienne conjuguee de 4>. Les indices m, n, etc. 
sont des paires de nombres entiers positifs m — (m^, m^) G N^. 
La partie quadratique de Taction est donnee par (voir [28]) : 



2^ 



+ -^^ — -{m + n + l) 



SnkSn 



2(1 



^y {n + l){m + l)S„+lkSm+ll + Vnm^n-lkSrn-ll ■ (3.6) 

L'inverse de la partie quadratique est le propagateur. La grande reussite tech- 
nique de Grosse et Wulkenhaar consiste dans le calcul explicite de ce propaga- 
thor, faisant intervenir des families de polynomes orthogonaux. 

Une preuve alternative et directe de leur resultat se trouve en appendice El 
Le calcul repose sur I'astuce de Schwinger. Nous representons la matrice inverse 
par I'integrale : 

1 9 da , , e TT , , 

Les seuls elements matriciels non nuls sont donnes par : 

[(1 - a)^"]r„m+h,l + hl = 

A{m,l,h,u)[^C^-—^j E{m,l,h,u), (3.8) 

u—max{0^ — h) 

avec G = 4n~i ^t 



A(rn^ I, h, u) 



y/m\{m + h)m{l + hy. 
(m - «)!(/ - u)l{h + uy.ul 



(1 _a)^=^t^Q,™+'-2« 
V ' ' ' ^ (1 + Ca)™+'+''+i ^ ^ 

3.2.1 Les graphes de Feynman 

Le modele (|3.5p est un modele dit "pseudomatricie0". Les graphes de Feyn- 
man d'un tel modele sont beaucoup plus riches en information topologique que 
ceux du modele commutatif. Comme le propagateur lie deux indices a deux 
autres, nous le representons par un ruban (voir fig. (|3.2p ). 



'Pseudomatriciel car le propagateur n'est pas une matrice diagonale : il ne conserve pas 
parfaitement les indices matriciels 
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m[i,kj 

propagate! 
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i I I k 

m I I ri 

m n 

vertex 



Fig. 3.2: Le propagateur et le vertex dans I'espace des matrices 



De meme, le vertex est represente comme un carrefour de quatre rubans (voir 
fig. l3.2p . Les graphes de Feynman de ce modele ressemblent a ceux d'un modele 
matriciel a la difference que les indices ne sont pas parfaitement conserves le 
long des rubans. 

Prenons I'exemple des deux tadpoles, presente dans la figure 1X31 




Fig. 3.3: Le tadpole planaire et non planaire 



Pour le premier tadpole I'indice d est somme sur la boucle interne et les 
indices a, 6 et c sont des indices externes. Pour le deuxieme tons les indices 
sont des indices externes. Le tadpole dans la partie gauche de la figure a une 
face interne (avec indice de face d) et une face brisee par des pattes externes. 
Nous I'appelons "planaire". Le tadpole de droite a deux faces brisees et nous 
I'appelons (de maniere impropre) non-planaire. 

Tout graplie avec N vertex, L propagateurs et F faces dont B brisees par 
les A^e pattes externes pent etre dessine sur une surface de Riemann de genre g, 
donne par : 

2-2g = N-L + F. (3.10) 

et avec B frontieres. 

A chaque ligne on associe une orientation de a 0. Autour d'un vertex les 
fieches entrantes et sortantes se succedent. A cause de cette propriete le modele 
est appele orientable. Separons les deux bords d'un ruban en bord droit et bord 
gauche par rapport a cette orientation. 

Pour un graphe donne, son complexe conjugue est donne par le graphe ayant 
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toutes les fleches renversees. Dans le graphe complexe conjugue tous les bords 
droits sont devenus gauches et inversement. 

Le propagateur de ce modele est reel, et le vertex aussi. Par consequent 
nous devons toujours extraire la partie reelle des fonctions de correlation. Nous 
symetrisons toujours un graphe et son complexe conjugue. Par consequent notre 
modele a une symetrie parfaite entre la gauche et la droit^. 

Une notion tres importante est celle de "graphe dual". A tout "graphe direct" 
on associe le graphe ayant toutes les faces remplacees par des vertex et tous les 
vertex par des faces. Ainsi nous le construisons de la maniere suivante : 

- A toute face on associe son vertex dual. 

- A chaque indice que Ton rencontre en tournant autour de la face on associe 
un coin sur le vertex dual. 

- Tout propagateur de mn a kl est remplace par son dual allant de mk a 
nl. 

L'exemple du graphe "sunshine" et de son dual est presente dans la figure 




Fig. 3.4: Le sunshine et son dual 



Les caracteristiques topologiques du graphe G dual de G sont : 

Af(g)^F{G), T{g)^N{G), C{g)^L{G), 
K{g)=B{G), B{g)^N,{G), -f{g)=g{G), (3.11) 

ou nous avons note en calligraphique le nombre de vertex, faces et lignes du 
graphe dual et avec 7 son genre. 



3.2.2 Comptage de puissances 

On s'interesse a etablir le comptage de puissances de ce modele. D'une ma- 
niere opportune on se place a SI = 1, ou le modele devient purement matriciel. 
Cela signifie que dans la figure [3741 on a mi = 1712 et rti — n2. Nous devons 



^Ceci n'est pas le cas pour un modele general. Nous verrons dans la sous-section suivante 
que les modeles qui ne possedent pas cette symetrie sont considerablement plus compliques. 
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par consoquont sommcr iin indice par face. Les modifications a O ^ 1 seront 
indiquees au long du texte. 

Nous decomposons les propagateurs en tranches : 



m + n + A 



(3.12) 



avec 



& = I dte-*('"+"+^) < M-'e-'^^"'('"+"+^) . (3.13) 

Jm-('+i) 

Nous voulons sommer tons les indices de faces, a attribution des indices de 
tranches donnee (la somme sur les attributions est facile). 

Pour tout graphe, considerons son dual. II sera tres important par la suite. 
Les indices des faces du graphe direct sont maintenant associes aux vertex du 
graphe dual. 

A attribution d'echelle donnee, nous notons a I'etage i les composantes 
connexes G\ du graphe forme par toutes les lignes avec des indices superieurs 
ou egaux a i. II est facile de prouver que si un graphe n'est pas connexe alors 
son dual ne Test pas non plus. 

Supposons que le dual de G\, note Q]., n'cst pas connexe. Alors G\. ne sera pas 
connexe non plus, ce qui est faux. Nous concluons que les composantes connexes 
a I'echelle i du graphe dual Q]. sont les duaux des composantes connexes G\ du 
graphe direct a rechehe i. 

Les prefacteurs des propagateurs donnent : 

JJ M-'' = [| M--^^^^) . (3.14) 

i i;k 

Tout indice somme avec la decroissance d'un propagateur d'echelle i va nous 
couter M^'. Nous avons done inter6t a sommer les indices avec les propagateurs 
les plus infrarouges possible. 

Appellons J I'ensemble des propagateurs qu'on utihse pour sommer. Pour 
le construire commengons par la plus basse tranche. Parmi les hgnes qui ont 
I'echelle exactement egale a i, on choisit toutes les hgnes de tadpole et Ton 
efface les vertex sur lesquels elles se branchent. Ensuite on choisit le maximum 
des lignes qui relient des vertex, a condition qu'elles ne forment pas des boucles. 
Une fois qu'un maximum de lignes de I'echelle i a ete choisi nous passons a 
I'echelle i + l. 

On obtient ainsi I'ensemble J des lignes les plus infrarouges tel que tout 
vertex ait une ligne de tadpole, ou bien soit relie au reste des vertex par une 
ligne d'arbre. 

Ensuite nous analysons notre graphe des hautes echelles vers les basses. Pour 
autant qu'un vertex porte encore des demi-lignes non contractees nous ne som- 
mons pas son index. A Techehe ou toutes les demi-hgnes du vertex se branchent 
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sur des propagateurs nous sommons son index avec la ligne de I'ensemble J qui 
le touche. Les sommes nous coutent : 

iej i,k 

En mettant ensemble l|3.14p et l|3.15p et en passant aux nombres topologiques 
du graphe direct on obtient : 

[|M-49(GL)-2[S(G'J-l]-^:i<^ (3_^g) 

i,k 

Nous pouvons maintenant comprendre pourquoi cette theorie ne possede pas 
le melange UV/IR. 

Dans la theorie non vulcanisee on ne pent pas sommer les indices avec des 
lignes de tadpole du graphe dual. Nous ne devons choisir dans J' que des Hgnes 
d'arbre. Supposons qu'a I'echelle basse i les demi Hgnes d'un vertex se branchent 
dans un tadpole. Nous sommes obliges de sommer son index avec une ligne 
d'arbre qui est d'echelle plus elevee j. La contribution totale est done : 

M-'M-^M^^ = M^-* , (3.17) 

qui n'est pas sommable sur j par rapport a i. Une telle contribution divergente, 
ayant plus d'une face brisee n'a pas la forme du lagrangien et ne peut pas etre 
renormalisee ! 

Dans notre theorie, par contre, c'est possible de sommer avec les lignes de 
tadpole du graphe dual. On somme toujours un vertex avec la ligne la plus 
infrarouge qui le touche ! Par consequent, pour I'exemple ci-dessus on a : 

M-'M~^M^' = M-(J-*) , (3.18) 

qui est sommable sur j par rapport a i. 



3.2.3 Renormalisation dans la BM 

Le comptage de puissances etabli dans la section precedente nous dit que les 
contributions divergentes viennent seulement des sous fonctions planaires avec 
une seule face brisee avec deux ou quatre pattes externesEI : 

giGl) = 0, BiGl) = l, iVe(GI.) - 2 ou 4 . (3.19) 

Nous notons T'^{m, n, k, I) la fonction a quatre points, planaire avec une seule 
face brisee, une particule irreductible amputee avec indices externes to, n, k et 
I. 

^Pour le modele a f! ^ 1 une etude plus detaillee aboutit a selectionner parmi ces dernieres 
seules les fonctions a quatre points avec des index conserves et les fonctions a deux points 
avec index conserve, ou avec un saut accumule d'index de 2 le long de la face externe. 
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Nous notons S(m, n) la fonction a deux points, planaire avec une seule face 
brisee, une particule irreductible amputee avec des indices externes m et n. 
Nous efFectuons un developpement de Taylor de la fonction a quatre points : 

r^{m, n, k, I) = r'^(0, 0, 0, 0) + mdrnT'^ + ... . (3.20) 

Le premier terme de la relation ci-dessus est logarithmiquement divergent. Pour 
le soustraire il sufEt de rajouter dans Taction un contre-terme de la forme : 

T^{0,0,0,0)(j)mn4>nk4>kl4'lm ■ (3-21) 

La fonction a deux points a un developpement de Taylor de la forme : 

E(m, n) = S(0, 0) + (rn + n)dT.{0, 0) + . . . , (3.22) 

ou Ton a note i9S la derivee de S par rapport a un de ses indices externes (a 
cause de la symetrie gauche droite on pent choisir librement I'index par rapport 
auquel on derive). Cette derivee fait intervenir les fonctions a deux points avec 
un saut d'index sur les pattes externes. 

La fonction a deux points s'ecrit comme : 

G^{m, n) = Hrnn^r^m ~ S(0, 0) ~ (m + n)d^{0, 0) , (3.23) 

et on reconnait dans le premier terme une renormalisation quadratique de la 
masse et dans le deuxieme une renormalisation logarithmique de la fonction 
d'ondeB. 

3.3 Autres modeles dans la BM 

Nous voulons etendre les methodes presentees dans ce chapitre a des mo- 
deles plus generaux. Nous voulons traiter un systeme de particules dans un 
champ magnetique constant. Cette etude devrait etre pertinente pour I'effet 
Hall. De plus, I'invariance par translation n'est pas brisee dans ces theories, car 
les translations sont remplacees par des translations magnetiques. Suite a cette 
etude nous aliens pouvoir determiner si la vulcanisation pent etre reinterpretee 
comme la presence d'un champ externe constant ou non. 

Nous ne connaissons pas la forme de I'interaction entre les particules adaptee 
a I'effet Hall. En effet la litterature est tres peu precise a ce sujet. Le consensus 
est que les interactions ne devraient pas jouer de role pour I'effet Hall entier 
mais qu'elles sont essentielles pour I'effet Hall fractionnaire. Cela dit, I'effet 
Hall fractionnaire ne repose pas sur la forme precise de I'interaction, il suffit 
d'avoir une interaction decroissante avec la distance pour I'obtenir. 

Nous pourrions etre tentes de prendre comme interaction celle de Coulomb, 
traduite par I'echange de photons. Certes, cette interaction est I'interaction fon- 
damentale entre les electrons. Cependant, comme il s'agit de particules non 

■^A ^ 1 on analyse aussi les composantes G^{m±l,n±l,n,m) qui seront renormalisees 
par les fonctions a deux points avec saut accumule de 2 au long du cycle exterieur entre les 
pattes externes S(m + 1, n + 1, n, m) = ■y/(m + + 1)S(11, 00) + . . . 
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relativistes il est raisonnable de supposer que I'interaction effective est diffe- 
rente. Nous supposons que cette interaction est a quatre corps. Le point de vue 
darwinien que nous adoptons dans cette these nous mene a considerer toutes 
les interactions qui sont juste renormalisables dans I'ultraviolet, etant ainsi des 
points fixes du groupe de renormalisatoin. Une fois achevee I'etude detaillee du 
propagateur, nous allons tester si les interactions de type Moyal entrent dans 
cette categorie. 

La partie quadratique de Taction est simple. Dans la jauge symetrique, la 
derivee covariante est : 

D^^d^, + inS:^ , (3.24) 
et le hamiltonien libre devient : 

Hn = --D^D^ = - i-d^ + + 2i-x A dj . (3.25) 

Nous pouvons en effet analyser un modele encore plus general, avec le Ha- 
miltonien libre donne par : 

Hb = 1 (^-d^ + 4^x2 + 2ijx A . (3.26) 

L'etude detaillee du propagateur d'un tel modele fait I'objet du travail pre- 
sents en annexe [Al 

Pour mener I'analyse en tranches de ce propagateur nous obtenons les re- 
presentations suivantes dans I'espace direct et dans la BM : 

Lemma 3.3.1 Si H est : 

HB = ^[-d^~df + n'^x"^ - 2iB{xQdi - xi9o) • (3.27) 
Le noyau integral de I'operateur e^*^ est : 

ricoshOt, 9 ,n, Vl cosh Et , fisinhSt , 

A = ^ . ^ ^ (x^ +x'^) . , ^ x-x' -I . , ^ xAx'. 3.29) 

2 sinh nt ^ ' smh nt smh nt ^ ' 

Et dans la base matricielle on a : 
Lemma 3.3.2 

(1 - ")if+/,«+/. = (1 - - • (3-30) 

Grace a la simpHcite du vertex de Moyal dans la BM, on pent esperer prouver 
la renormalisabilite de tels modeles de TCNC une fois que le comportement 
d'echelle de ce propagateur a ete detaille dans la BM. 

Les principaux resultats de I'annexelAlsont les suivants : 
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- Nous trouvons toujours une decroissance d'ordre 1 dans I'indice l — m. Les 
indices sont tres bien conserves le long des rubans. Les modeles avee un 
tel propagateur sont pseudo-matriciels. 

- A i? ^ le comportement est semblable a celui a B = 0. Nous avons une 
decroissance d'ordre dans I'indice h = n — m (I'ecart entre les bords 
des rubans) ce qui nous permet de reproduire le comptage de puissance 
de (/)4^. Dans cette categorie entre le modele LSZ general. 

- Pour fl = B\a situation change drastiquement. Un modele de ce type est le 
modele de Gross-Neveu de [32] • Le comportement d'echelle est gouverne 
par un point col non-trivial dans I'espace d'indices de matrice. Dans la 
region d'indices pres de ce col on perd les decroissances d'echelle en h. 
II s'avere que le seul cas pour lequel cette perte est dangereuse est le 
"sunshine". 

Le traitement de [32] est mene dans I'espace direct. Le propagateur n'a pas 
de decroissance dans v"^ mais seulement une oscillation e'^"^". Un tel facteur 
oscillant nous permet en principe d'afhrmer que mAw « 1 (et nous donne le bon 
ordre de grandeur pour v) a I'aide des integrations par parties. Les integrations 
par partie requises pour chaque graphe sont decrites en detail dans [32j. Ces os- 
cillations du propagateur doivent etre combinees avec les oscillations des vertex. 
II faut choisir un ensemble de variables independantes par rapport auxquelles 
on effectue les integrations par partie. 

Nous rencontrons le "probleme du sunshine" a f2 = 1. Les oscillations des 
vertex compensent exactement celles des propagateurs ! Cette compensation fait 
que nous ne pouvons pas obtenir le bon comptage des puissances. Dans I'espace 
des matrices le statut special de ce point pent etre vu comme la rencontre du 
premier niveau de Landau. Dans la base matricielle le propagateur devient : 

Cmn — — J (3.31) 

TO 

et on n'a aucune decroissance en n ! 

Nous pouvons conclure que le point 17 = 1 a un statut tres special pour ces 
modeles : la renormalisabilite de ces modeles a 17 = 1 est remise en question. 

Nous n'avons pas trouve pour I'instant une fagon de decouper ce propagateur 
en tranches dans I'espace direct ou dans la base matricielle adaptee a I'etude du 
point fl = 1. Des progres recents dans cette direction ont ete faits par Disertori 
et Rivasseau, mais on manque encore de preuves que ces modeles a = 1 soient 
renormalisables. 

En effet il s'avere que ces problemes sont generiques. Nous les rencontrons 
chaque fois que nous essayons de traiter la vulcanisatoin comme une pure derivee 
covariante dans un champ externe constant. 

Si les termes de vulcanisation ne sont pas engendres par un champ de fond, 
quelle est done leur origine ? De plus, si Ton ne pent pas absorber la brisure de 
I'invariance par translation dans un changement de jauge, est-ce que ces theories 
peuvent etre vraiment physiques ? 

Pour repondre a ces questions nous pensons que la cle est de trouver un 
modele fermionique du type modele de Gross-Neveu, vulcanise sans singularite a 
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n = 1. Unc proposition do theorie fermionique est detaillee dans les conclusions. 
Malheureusement, pour I'instant ces theories brisent I'invariance par translation. 



Chapitre 4 

Renormalisation dans I'espace 
direct 

Dans ce chapitre nous presentons une preuve alternative de la renormalisa- 
bilite de la theorie $4^. 

Pourquoi a-t-on besoin d'une nouvelle preuve de la renormalisabilite ? II y a 
plusieurs arguments en faveur d'une telle demarche. 

A cause de la complexite du propagateur dans la base matricielle, la preuve 
dans cette derniere est tres technique. Nous souhaiterions avoir une preuve plus 
simple. 

Plus important, la renormalisabilite d'une theorie repose sur deux caracte- 
ristiques : le comptage de puissances et la forme des contre-termes. Le comptage 
de puissances est assez transparent dans la base matricielle, mais la forme des 
contre-termes n'est pas du tout transparente. Qu'est-ce qui remplace le prin- 
cipe de localite pour notre theorie ? L'etude qui suit nous mene a introduire un 
principe de Moyalite qui est la bonne generalisation de cette notion. 

En D = 4 le propagateur dans I'espace direct est [36] : 

[2^sinhm]2 ' ^ ' 

et le vertex [17] pent se representer comme : 

V{XI,X2,X3,X4) ^ S{XI ~ X2 + X3 ~ Xi)e'^^<'<^<^^~^^^*'^'''''^~'''' , (4.2) 

avec xO^^y = |(xiy2 - X2yi + x^y^ - a;4?;3)- 

La partie interaction de Taction est reelle. On represente le vertex comme 
dans I'equation (|4.2p . mais on devrait se rappeler que la somme des parties 
imaginaires est nulle. De plus, le vertex est invariant sous la transformation 
1 ^ 3 et 2 ^ 4. 

La fonction 5 du vertex nous impose que les quatre champs soient positionnes 
dans les coins d'un parallelogramme. Le facteur d'oscillation fait intervenir I'aire 
du parallelogramme. II la contraint a etre d'ordre 9. 



C{x,x')= / 
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La valeur de 9, le commutateur des deux coordonnees, nous donne en terme 
de mecanique quantique la plus petite aire qu'on pent mesurer. II est done 
naturel de trouver que Tinteraction de quatre champs est maximale quand ils 
se distribuent sur una surface d'aire minimale admise. 

Pour tout propagateur nous introduisons une variable "courte" u (et une 
"longue" v) egale a la difference (somme) entre les positions des deux extremites 
du propagateur. Dans la zone ultraviolette {t sa M^^*) on a u A/~* et v ~ AP. 
Ces variables sont centrales pour la suite. 

Nous avons deja vu que dans I'espace direct les vertex sont representes par 
des parallelogrammes. Chaque parallelogramme est muni d'un sens de rotation 
correspondant a I'ordre cyclique des quatre coins. Pour representer un graphe 
nous representons tons ses vertex avec le meme sens de rotation (trigonome- 
trique) sur un plan et ensuite nous branclions les propagateurs representes par 
des lignes. 

4.1 Le comptage de puissances 

Le propagateur de la theorie $1 commutative est borne dans une tranche 
par : 

C < M^^-*^'!"! . (4.3) 

Le comptage de puissance est neutre car tout vertex a en moyenne deux pro- 
pagateurs, done un prefacteur M^* et un point a integrer, ce qui nous rapporte 

Pour la theorie <i>4'*, nous decompossons le propagateur (a masse nulle) 
comme : 

C^yC' C'^ dt- ^i^^e-?cothiii«^-f sinhiii.^ (44) 

^ [27rsinhf7t]2 ' ^ ^ 

et le propagateur dans une tranche est borne par : 

C < M2*e-*-f*l"l-*'^"'l"l . (4.5) 

Tout vertex a en moyenne deux propagateurs comme avant, done un facteur M^*, 
et nous devons integrer deux variables courtes et deux variables longues. Nous 
utilisons la fonction 6 pour integrer I'une des variables longues. Nous obtenons 
M~®* pour les integrates courtes et M"** pour I'integrale longue : le comptage 
de puissances est de nouveau neutre. 

Cette argument doit etre afRne pour une attribution d'echelle generale (de 
nouveau la somme sur les attributions est simple). Choisissons un arbre qui est 
compatible avec I'attribution d'echelle 0. En integrant les variables longues de 



Cela signifie qu'il est sous arbre dans tout les composantes connexes a chaque etage. 
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I'arbre avec les fonctions 5 et en bornant les facteurs oscillants par 1, 1'amplitude 
d'un graphe A est bornee par : 

ag < n M''' n = n a^'^^""^^ n m-*[^(«^-)-ii 

ieG eeT i,k i,k 

= []M-[^=«^'^)-41 , (4.6) 

i.k 

car pour toutes les lignes de boucle le facteur obtenu par I'integration de la 
variable longue compense exactement celui de la variable courte. 

II faut ameliorer ce comptage de puissance pour obtenir les modifications 
dues a la topologie du graphe. Pour cela Ton doit exploiter les facteurs oscillants 
des vertex. lis s'expriment a I'aide d'une operation topologique, appelee premier 
mouvement de Filk. 

Soit une ligne du graphe qui joint deux vertex. Nous reduisons cette ligne et 
nous collons les deux vertex adjacents dans un seul grand vertex. Cette operation 
conserve le sens de rotation des vertex. Iterons cette operation pour toutes les 
Hgnes d'un arbre dans le graphe pour aboutir a un graphe reduit, appele rosette, 
forme d'un seul vertex ayant uniquement des lignes de tadpole (un exemple est 
presente dans la figure 14. ip . 




Fig. 4.1: Premier mouvement de Filk : la ligne 2 est reduite et les vertex se 
collent. 

Cette operation ne modifie ni le genre g, ni le nombre de faces F, ni le 
nombre de faces brisees B du graphe. Si le graphe est non-planaire il y aura un 
croisement des deux lignes de la rosette (voir par exemple I4.2p . 

A un tel croisement correspond un facteur oscillant e™"^^'' entre les variables 
longues des deux lignes de boucle (e^^^^-* dans Fig : 14. 2p . Si, avant de borner 
I'oscillation par 1, on utilise ce facteur pour integrer la variable V2 on arrive a 
gagner un facteur M"'''" {M~*^^ dans Fig. l4.2p au lieu de payer un facteur M^*'' 
(M"*** dans Fig. I4.2p . ce qui rend toute fonction non-planaire convergente. Un 
argument similaire nous donne I'amelioration due aux faces brisees. Nous obte- 
nons ainsi, directement dans I'espace direct, un comptage de puissance partiel 
de la theorie, sufSsant pour prouver la renormalisabilite. 



38 



CHAPITRE 4. RENORMALISATION DANS L'ESPACE DIRECT 



3 




Fig. 4.3: Un pavage divergent 



4.2 Les soustractions 

Nous venons de comprendre dans le nouveau contexte pourquoi seules les 
fonctions planaires a une seule face brisee avec deux ou quatre pattes externes 
sont divergentes. II faut maintenant comprendre pourquoi ces divergences ont 
la forme du Lagrangien initial. Qu'est-ce qui remplace la notion de localite dans 
notre theorie ? 

Soit une fonction divergente a quatre points. Si tous les propagateurs in- 
ternes sont tres ultraviolets leurs extremites sont presque confondues. Dans ces 
conditions la fonction est un pavage planaire de parallelogrammes. lis vont for- 
cement avoir la forme d'un parallelogramme entre les points externes ! De plus 
I'aire orientee du parallelogramme resultant est la somme des aires orientees 
des parallelogrammes. La fonction reproduit precisement la forme du produit 
de Moyal ! Un exemple est presente dans la figure 14.31 

En termes mathematiques cela se traduit par le lemme suivant : 

Lemma 4.2.1 La contribution de vertex d'un graphe planaire a une face brisee 
peut s 'exprimer sous la forme : 

i leTuc 

g-'IZier.i'ecuT; !'cr"i'^"^™'=W ^ (4-7) 

oil T est I'arbre reduit et C est I'ensemble des lignes de boucle. 
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Dans la premiere ligne du lemme ci-dessus on reconnalt la forme du noyau 
du produit de Moyal. Nous effectuons un developpement de Taylor dans la 
deuxieme ligne ci-dessus. Tous les termes correctifs font intervenir au moins une 
insertion d'une variable courte u, ce qui les rend sous-dominants. Comme la 
fonction a quatre points est logarithmiquement divergente I'on pent negliger les 
contributions sous-dominantes. Nous concluons que la partie divergente de la 
fonction a quatre points reproduit bien le produit de Moyal. 

La fonction a deux points est plus compliquee. Elle se divise dans la contri- 
bution des tadpoles qui sont de la forme : 

A = j dudv S{xi -X2 + Y^ u)e"'^''''^F{u, v) , (4.8) 

et les autres contributions qui peuvent 6tre mises sous la forme : 

A = j dudvS{xi- X2 + '^u)S{-X2 + ^u + ^v)F{u,v) . (4.9) 

Nous allons effectuer un developpement de Taylor des contributions du haut. 
Commengons par les tadpoles : 

A = S{xi - X2)e"i^"'''= J dudv F{u, v) 

+ 5'(xi - X2)e^^i^"'^=^ J dudv{^u)F{u,v) 

+ 5"{xi-X2)e''''^~^''^ j dudv(^u)(^u)F{u,v) . (4.10) 

Toutes les integrales du haut sont gaussiennes. Par consequent, le second terme 
est nul. 

Le premier terme est une contribution locale, de masse, quadratiquement 
divergente. Le dernier terme est une contribution logarithmiquement divergente. 
Pour voir a quel operateur ce dernier correspond nous allons lisser I'amplitude 
avec des fonctions test : 



dxidx2 5"{xi - X2) e"^^" '■'^4>{xi)(t>{x2) 

= j dxidx2 S{xi - X2) {di + 19~^ X2f ^{xi)(j){x2) ■ (4.11) 

Get operateur n'est pas de la forme du lagrangien initial. La subtilite consiste 
a comprendre qu'il faut combiner ce tadpole avec son complexe conjugue. En 
effet, comme notre modele est reel, il est naturel de toujours combiner les graphes 
avec leurs complexes conjugues. D'une maniere equivalente, I'on pent brancher 
un mgme graphe sur la combination reelle des patte externes comme : 

j dxxdx2 6{xi - X2) {di + i0~^X2)^ [(j){xi)4>{x2) + (j){xi)(j){x2)] . (4.12) 



40 CHAPITRE4. RENORMALISATION DANS L'ESPACE DIRECT 

En dcveloppant I'oxprossion ci-dossus, nous trouvons que la somme des deux 
tadpoles nous fournit un contre-terme pour I'operateur : 

d' + -^xK (4.13) 

Nous devons maintenant effectuer un developpement de Taylor des autres 
contributions a la fonction a deux points : 

= 5{xi - X2) j dudv5{^u + '^v)F{u,v) (4.14) 

+ S{xi — X2){--X2) J dudv S'(y^^ u + v)F{u, v) 

+ 6{xi - X2)X2 v)F{u,v) 

+ 6'{xi-X2) J dudvC^u)S(^u + ^v)F{u,v) 

+ S'{xi - X2){-X2) j dudv(^u)5'(^u + ^v)F{u,v) 

+ 6"{xi - X2) J dudv(J2 u){Y, " + J2 v)F{u, v) . 

Le premier terme ci-dessus est une renormalisation de masse. Le deuxieme est 
nul a cause du fait que F{u, v) est gaussienne. Le troisieme est une renormalisa- 
tion dc I'operateur x^. Le quatricmo ost nul du dc nouveau au fait que F{u,v) 
est gaussienne. Le dernier est une renormalisation du p^. 

Nous analysons maintenant le cinquieme terme. De nouveau, nous combinons 
un graphe avec son complexe conjugue. L'operateur correspondant prend la 
forme : 



S'{xi - X2){-X2)[^{xi)(l){X2) + (t){xi)^{X2)] 

= J (-x)[a# + = y" # , (4.15) 

et nous concluons qu'il est une sous-divergence de masse. 

Nous avons ainsi prouve que la fonction a deux points nous donne unique- 
ment des contre-termes de la forme du Lagrangien initial. 

A I'aide des memes techniques nous pouvons prouver que le modele LSZ est 
renormalisable. La seule difference vient du fait que les noyaux des propagateurs 
ne sont pas reels, ce qui fait que les graphes ne se combinent pas exactement 
avec leurs complexes conjugues et nous avons par consequent aussi une renor- 
malisation du terme d A x. 
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Pour toute theorie des champs, nous nous interessons uniquenient aux fonc- 
tions de correlation. Pour les exprimer, nous commencons en imposant un cutoff 
qui rend toute quantite finie. En suite, nous essayons de prendre la limite du 
cutoff tendant vers I'infini. 

En effectuant le developpement perturbatif, nous exprimons les fonctions de 
correlation on fonction dcs paramctrcs nus dc notrc tlicoric. Nous rcncontrons 
des contributions qui divergent avec le cutoff. La renormalisatoin absorbe ces 
divergences dans une redefinition des parametres nus. Ainsi nous reexprimons 
les fonctions de correlation en fonction des contributions renormalisees (finies) 
et des parametres effectifs (egalement finis). Une fois la renormalisabilite d'une 
theorie etablie, la question naturelle qui se pose est d'etabir la variation des 
parametres offcctifs avoc le cutoff. Les fiots des differents parametres sont ca- 
racterises par leurs fonctions beta. 

Pour notre modele, le couplage effectif est donne par la fonction a quatre 
points, une particule irreductible, amputee F"*. A tout vertex correspondent deux 
propagateurs. Le couplage effectif est donne par : 

Ai-i = , (5.1) 

ou Z est la renormahsation de la fonction d'onde. Pour une theorie avec un 
cutoff ultraviolet A, on pent decrire revolution du couplage effectif avec I'echelle 
a I'aide de la fonction /3(A) definic comme : 



/3(A) = 



(5.2) 



Alternativement, dans le cadre de I'analyse multi-echelle nous preferons la defi- 
nition : 

/3(A)i = Ai_i - Xi . (5.3) 
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Pour la theorie $| commutative le couplage effectif evolue avec I'echelle. 
Cette evolution est assez facile a comprendre au premier ordre. Nous avons une 
contribution non nulle pour la fonction provenant des boules. Le tadpole, 
etant local, est un contre-terme de masse, et Z — \ k une boucle. 

Une etude detaillee nous montre que, si Ton veut une constante renormalisee 
non nulle nous devons commencer avec une constante nue grande. En effet le 
couplage nu devient infini pour un cutoff UV fini. Inversement, toute constante 
nue finie donne naissance a une theorie libre triviale dans I'infrarouge. Ceci 
est un grave probleme dans la theorie des champs commutative et a regu le 
nom "fantome de Landau". Les infinis qu'on elimine par la renormalisation 
ressurgissent dans cette nouvelle divergence. 

Ce probleme a failli tuer la theorie des champs. Grace a I'universalite de 
ce phenomene on I'a presque abandonnee comme description des interactions 
fondamentales. L'issue de cette situation n'apparait qu'avec la decouverte de 
la Hberte asymptotique dans les theories de jauge non abehennes. Mais meme 
cette solution n'est pas entierement satisfaisante. La Hberte asymptotique est le 
fantome renverse. Cette fois-ci c'est la theorie ultraviolette qui devient triviale ! 

II est vrai qu'une theorie Hbre dans I'ultraviolet est beaucoup plus physique 
qu'une theorie a couplage fort dans I'ultraviolet, et cela a permis notamment 
I'introduction du modele standard pour les interactions fondamentales, nean- 
moins des problemes subsistent. La convergence des flots du modele standard 
vers une seule constante de couplage demande I'alteration des flots. Cela pent 
etre reaHse a I'aide de la supersymetrie, mais il n'y a eu aucune detection des 
partenaires supersymetriques jusqu'a maintenant. 

De plus, ce meme fantome a empeche la construction du modele $| com- 
mutatif. Bien qu'on puisse penser que la theorie constructive des champs soit 
plutot un jeu mathematique qu'une question physique, il n'empeche que sans 
elle les calculs perturbatifs n'ont pas de sens. Si Ton ne pent pas construire une 
theorie des champs, la serie perturbative risque d'etre fausse a partir du premier 
ordre ! 

Nous concluons done que les flots des modeles de theories des champs com- 
mutatives posent un probleme profond et les rendent mathematiquement ma- 
lades. 

La situation change completement dans les TCNC. Pour le modele le 
tadpole n'est plus local ! II nous donne une renormalisation non triviale de la 
fonction d'onde a partir du premier ordre. Les calculs a une boucle effectues 
par Grosse et Wulkenhaar [37] nous donnent un flot du parametre vers 1 et 
a cette valeur le flot du couplage s'arrete. Ce resultat a ete generalise jusqu'a 
trois boucles par Disertori et Rivasseau en |38) . 

Ces resultats ouvrent la porte vers une possibilite tentante. Est-il possible 
que le flot de cette theorie soit borne sans que la theorie soit triviale ? Dans ce 
cas on aurait une theorie bien deflnie et non triviale tout au long de sa trajectoire 
sous le (semi-)groupe de renormalisation ! Pour le reste du chapitre nous nous 
plagons a = 1. 

Nous avons le theoreme suivant : 



5.1. LES IDENTITES DE WARD 
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Theorem 5.0.1 L 'equation : 

r4(0,0,0,0) = A(1-9E(0,0))2 (5.4) 

est vraie aux corrections irrelevantes pres0 « tous les ordres de perturbation, 
soit comme equation entre les quantites nues avec cutoff UV fixe ou comme 
equation entre les quantites renormalisees. Dans ce dernier cas A est la constante 
nue exprimee comme serie en puissances de Xren- 

Prouver un tel resultat est dans un certain sens tres difficile. II faut prouver 
qu'il est vrai a tous les ordres de perturbation, et ensuite constructivement ! 
Comme nous allons le voir par la suite, la preuve de la validite a tous les ordres 
de perturbation est en effet beaucoup plus simple que prevu. 

Elle repose sur deux idees : les identites de Ward et I'equation de Dyson. 
Nous allons travailler dans la base matricielle. Comme fl = 1, nous avons : 

A + m + n 

avec A = 2 + ^^/4, to, n e et 

Srnl ^ Srnj^hSm2l2 1 TO + n = TOi + TO2 + + ^2 . (5.6) 

La fonctionnelle generatrice est 

F{fj, T]; (f>, (j)) = 4>ri + fj(j) 

Si4',(j))^^X(t) + (l}X^ + A4:(t)+^(j)4)(j)4> (5.7) 

ou les traces sont sous-entendues et Xmn 
sources externes. 



5.1 Les identites de Ward 

Nous rappelons I'orientation des propagateurs de ^ a 0. Pour un champ 4>ab 
I'indice a est un indice gauche et b un indice droit. Le premier (second) indice 
de (f) se contracte toujours avec le second (premier) indice de (j). Par consequent 
pour 4>cd, c est un indice droit et d est un indice gauche. 

Soit U = e^^ avec B une matrice petite hermitienne. Nous faisons un chan- 
gement de variable "gauche" (car il agit seulement sur les indices gauches) 

=0[/;0C^ =C/^0 . (5.8) 
Comme il s'agit d'un simple changement de variable, nous avons : 

dnd,^-^^0, (5.9) 



EUes incluent les termes non- planaires ou ayant plus d'une face brisee. 
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avec r] des terms de source. En explicitant cette relation on trouve pour les 
fonctions planaires a deux points I'identite de Ward : 

(a - b) < [(t)(l)\ab4>va<t>bu >c=< <t)ub<l)bu >c - < (t>av4'ya >c ■ (5.10) 

(les indices repetes ne sont pas sommes). 



(a-b) 




Fig. 5.1: L'identite de Ward pour les fonctions a 2p points avec insertion sur 
une face gauche. 

Les indices a et 6 sont des indices gauches, et notre identite de Ward decrit 
des fonctions avec une insertion sur la face gauche, comme dans la figure 15.11 
II est possible d'obtenir une identite similaire avec I'insertion sur la face droite. 
De plus, en derivant davantage par rapport aux sources externes nous pouvons 
obtenir de telles identites avec un nombre arbitraire de pattes externes. 

Cette equation a ete deduite de I'integrale fonctionnelle. Elle est done vraie 
ordre par ordre dans la theorie des perturbations, car celle-ci se deduit a partir 
de I'integrale fonctionnelle. 

On a I'habitude de regarder les identites de Ward comme consequences de 
I'invariance de jauge. Dans notre traitement on obtient une identite de Ward 
comme consequence d'une invariance du vertex sous un changement de variable 
qui ne laisse pas invariante la partie quadratique. Peut-on interpreter ce chan- 
gement de variable comme une invariance de jauge ? 

Le premier pas dans cette direction est d'introduire des operateurs covariants 
de multiplication X qui se transforment sous le changement de variable comme : 

X^^U^XU. (5.11) 

II faut ensuite construire une action invariante sous cette transformation, telle 
que sa forme fixee de jauge soit (|5.7p . Cette invariance sera I'invariance habituelle 
d'un modele de matrice sous les transformations unitaires. 

Nous devrons de plus utiHser ces "transformations de jauge" pour construire 
une theorie de Yang-Mills associee aux theories non commutatives vulcanisees. 
Elle sera tres certainement differente des theories Yang-Mills vulcanisees propo- 
sees par [33] et [34] , car dans leurs travaux seulement les champs (p et (p changent 
sous les transformations de jauge. 



5.2. L'EQUATION DE SCHWINGER DYSON 
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5.2 L 'equation de Schwinger Dyson 

Nous introduisons maintenant le deuxieme outil conceptuel dont nous avons 
besoin pour prouver le theoreme IjS.O.ip . 

Soit G*{m, n, k, I) la fonction a quatre points connexe planaire avec une face 
brisee avec m, n, k et I les index de la face externe dans I'ordre cyclique. Le 
premier index m est toujours choisi comme index gauche. 

Soit G^(m, n) la fonction a deux points connexe avec indices externes m, n 
(appele aussi propagateur habille). Comme d'habitude, E(m, n) est la fonction 
a deux points, une particule irreductible, amputee. G^{m,n) et I](m, n) sont 
liees par : 

G'M = = r. (5.12) 

Soit Gins {a, b; ...)\a fonction connexe a deux points planaire a une face brisee 
avec une insertion sur la face gauche avec saut d'index de a a 5. L'identite de 
Ward l|5.10p s'ecrit comme : 

(a -6) Gl,{a,b;,.)=G'{b,,.)^G'{a,,y). (5.13) 




Fig. 5.2: L'equation de Dyson 



Analysons G*{Q, m, 0, m). Soit une patte externe 4> et le premier vertex qui lui 
est attache. En tournant vers la droite sur le bord to a ce vertex nous rencontrons 
une nouvelle ligne (marquee dans la figure 15. 2p . Cette ligne pent soit separer 
le graphe en deux composantes deconnectees (G^^^ et 6*^2) dans 15. 2p soit non 
(G^^g) dans 15. 2p . De plus, si cette ligne separe le graphe en deux composantes 
disconnectees, le premier vertex peut soit appartenir a la composante a deux 
pattes (G^j^^ dans 15. 2P soit a la composante a quatre pattes (G^j) dans 15. 2^ . 

Cela est une simple classification des graphes : les composantes represen- 
tees dans la figure 15.21 prennent en compte leurs facteurs combinatoires. Nous 
pouvons done ecrire l'equation de Dyson : 

G^ = Gi . (0, TO, 0, m) + Gl) (0, to, 0, m) + Gl, (0, to, 0, m) . (5.14) 



46 



CHAPITRE 5. LA FONCTION BETA DU MODELS $J 



Le terme G^2) ^st zero par renormalisation de masse. G^-^^ + G^g^ donne 

= A(l — i9E)^ apres amputation des propagateurs externes. 

Nous allons analyser ici en detail la contribution G^-^^ . Elle est de la forme : 

G^i)(0,m,0,m) = AGo™G2(0,m)GL(0,0;m). (5.15) 
Mais, par I'identite de Ward : 

GL(0,0;m) = lim GL(C, 0; m) = lim '"^ ~ '"^ 

= -dLG^{0,m). (5.16) 

En utilisant la forme explicite du propagateur on a OlC'^ — OrC^^ — dC^^ — 
1. En utilisant I'equation (|5.12p . on conclut : 

^4 a \ - \r Go„Go^„Jl-9^S](0,m)] 

G(,)(0,m,0,m) - ^Go™ _ ^^^^^^^ ^^^^^ _ ^^^^^^^^^ 

= A[G2(0,m)]4^^|^[l~aiE(0,m)]. (5.17) 

Le traitement de G^3^(0, m, 0, m) est plus difficile et nous allons seulement I'es- 
quisser ici. Nous "ouvrons" la face "premiere a droite". Son index somme est 
appele p (figure 15. 2p . Cette operation se traduit pour les fonctions de Green 
nues par : 

G\i^^'\Q, m, 0, m) = Go™ ^ Gt^;"(p, 0; m, 0, m) . (5.18) 

p 

et pour les fonctions renormalisees par : 

G^3) (0, TO, 0, m) = Gom^G^„3(0,p;TO,0,TO) 

p 

- Go,n{CTi,st)G\0,m,Q,m) . (5.19) 

Si on utilise I'identite de Ward pour la fonction G'l^^^^{p, 0; m, 0, to) on pent 
negliger I'un des deux termes. En combinant le deuxieme avec le contre-terme 
man quant on obtient un terme qui, combine avec (|5.17p nous donne [5^0.11 

Nous arrivons ainsi a prouver que le fiot de la constante de couplage A 
est borne au long de la trajectoire du groupe de renormalisation. Comme deja 
mentionne, il faut etendre ce resultat au niveau constructif. Les premiers pas 
dans cette direction ont ete faits par Rivasseau et Magnen. Leurs travaux nous 
permettent d'esperer que I'extension de ce resultat au niveau constructif ne va 
pas tarder. 

L'invariance de jauge sous-jacente reste encore a comprendre. La transforma- 
tion des X mentionnee ci-dessus est en relation directe avec les difeomorphismes 
qui preservent I'aire. Nous esperons qu'une telle etude nous aidera a formuler une 
theorie invariante de fond et sera un pas vers une proposition de quantification 
de la gravitation. 



Chapitre 6 

Representation parametrique 



Un outil essentiel dans la theorie commutative des champs est la representa- 
tion parametrique. Elle donne une representation compacte des amplitudes. De 
plus, elle fournit des forniules topologiques et canoniques. Elle est le point de de- 
part pour la regularisation dimensionnelle, qui est la seule fagon de renormaliser 
une theorie de jauge sans briser I'invariance de jauge. 

Dans les theories habituelles, la construction dc cctte representation n'cst pas 
trop compliquee. Au lieu de resoudre les conservations d'impulsion au vertex on 
exprime les fonctions S de conservation d'impulsion en transformee de Fourier. 
L'amplitude d'un graphe G avec impulsion externep en D dimensions est, apres 
integration des variables internes : 

Acip) = 6iY^p)J^ ^^(^)^/. n(e-"'c^aO. (6.1) 

Les deux polynfimes de Symanzik Ug et Vq sont : 

^G=En«'' (6-2) 
^G=En"'( E Pif- (6-3) 

Les deux polynomes sont explicitement des sommes de termes positifs. Cette 
positivite terme a terme est csscntielle pour la renormalisation et la regularisa- 
tion dimensionnelle car il nous sufEt d'evaluer une partie des termes et de borner 
le reste. Les sommes sont indexees par des objets topologiques : les arbres d'un 
graphe ou les paires d'arbres d'un graphe. On remarque aussi la democratic des 
arbres : ils contribuent chacun avec un terme de poids 1. 

La representation parametrique du modele (64^ fait intervenir des polynomes 
dans les variables t£ = tanh appcles done hypcrboliqucs. Nous allons retrou- 
ver la positivite explicite de la representation et nous allons pouvoir isoler des 
termes dominants indexes par des bi-arbres, qui sont des objets topologiques 
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qui gonoralisont los arbros. A cause des complications techniques, nous allons 
presenter ici seulement le premier polynome. 

A ce point nous rencontrons une subtilite : dans la theorie commutative 
nous ne pouvons pas integrer sur toutes les positions internes. A cause de I'inva- 
riance par translation, I'integrale sur toutes les positions internes nous fournit 
un facteur infini de volume. Nous integrons sur toutes les positions sauf une ! 
Les polynomes sent indcpcndants par rapport a cc point non intcgrc, ct ils 
restent done canoniques. Dans notre theorie I'invariance par translation est per- 
due. Nous pouvons integrer sur toutes les positions internes. Nous preferons par 
contre isoler un vertex (note v) et ne pas integrer sur sa fonction S. Cela nous 
permettra de retrouver les resultats commutatifs dans une certaine limite. No- 
tons que les polynSmes dependent de cette racine explicite, mais leurs termes 
dominants n'en dependent pas. 

Nous notons £ = la ligne du graphe qui va du coin i d'un vertex au coin 
j d'un autre. Nous allons passer aux variables courtes et longues. Deux matrices 
sont cruciales par la suite : 

- La matrice eu est la matrice d'incidence du graphe. Elle vaut 1 si ^ entre 
en i, —1 si ^ sorte de i, et zero si £ ne touche pas i, 

- Vb = \£ii\- 

Pour un graphe orientable on a = {—ly^^^iju- 

En s'appuyant sur une propriete de factorisation sur les dimensions de I'espace- 
temps, nous ecrivons I'amplitude d'un graphe comme : 



AgAM, P,) =K'J^ l[[dte{l - ii f"~'f-Hfj^T(^ ' (6-4) 



ou ti = tanh Nous definissons aussi q = l/t^ 
Le premier polynSme est : 




HUg,v =\\\tA dei{A + B) , (6.5) 



avec A + B une matrice carree 2L + N — 1 dimmensionnelle. La matrice A est la 
contribution (diagonale dans les variables courtes et longues) des propagateurs : 




^ = te , (6.6) 



et la matrice B (antisymetrique) provient des oscillations des vertex et des 
fonctions S : 



La contribution detaillee des fonctions S est : 

(61 
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et celle des vertex : 



rpVV 
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avec oj{i,j) = I si i < j, u!{i,j) = — 1 si i > j ; de plus E™, = —E^'^i. 

6.1 La positivite 

Le premier polynome posseede une propriete de positivite. En effet, nous 
avons prouve le lemme suivant : 



Lemma 6.1.1 Soit A, B ^ A4{N x A'') des matrices avec A = (uiSij) une 
matrice diagonale et B — (bij) une matrice arbitraire, avec ba — (B n' est pas 
necessairement antisymetrique) . Nous avons : 

det(A + B)= ^ det(5^) Jl Oi (6.10) 

K<Z{1,...M} ieK 

oil B^ est la matrice obtenue de B en effagant les lignes et colonnes ayant des 
indices dans le sous-ensemble K . 

Si en plus B est antisymetrique, B^ Test aussi et son determinant est positif, 
car il est le carre d'un Pfaffien. 

Cette propriete de positivite est vraie aussi pour le modele reel, car sa preuve 
ne fait pas appel a I'orientabilite. 

Choisissons K = I U J avec / un sous-ensemble d'indices choisis parmi les 
premiers L, associes aux variables courtes et J un sous-ensemble choisi parmi les 
L indices suivants associes aux variables longues. Le premier polynome prend 
la forme : 

/ . ^ 2g(G)-fej,j 

HUcAt) = E U) rij^jl[tel[t,, , (6.11) 

avec kij = \I\ + \ J\ - L{G) - F{G) + 1, et n/,j = Pf(S^-;) avec B' = VLB. 
La matrice B' a des entrees entieres et son pffafien est un nombre entier. Cette 
forme est generale, et la preuve, de nouveau, ne fait pas appel a I'orientabilite. 
Parmi les termes de la somme du (|6.1ip certains sont nuls. Pour trouver des 
termes dominants nous devons trouver des ensembles I et J tels que nj^j ^ 0. 
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6.2 Les termes dominants 

Dans la region UV les termes dominants sont ceux ayant un degre minimal 
en t. Nous n'allons pas donner ici la liste exhaustive des termes dominant^. 
Neanmoins, les termes qu'on explicite suffisent pour trouver le comptage de 
puissance d'un graphe. 

Choisions / = {1 • • • L}. Cela nous garantit que le premier produit de l|6.1ip 
est vide. Nous cherchons les sous-ensembles J de cardinal minimal tel que nj^j ^ 
0. Nous verrons que ces termes ont | J| = F — 1, ce qui justifie la normalisation 

de mm . 

Nous generalisons les mouvements de Filk [17], pour definir trois operations 
topologiques pour un graphe a rubans. Nous representons les pfafRens d'interet 
comme des integrales grassmanniennes. 

La premiere est I'habituelle "premier mouvement de Filk" deja introduit, 
la reduction d'une ligne d'arbre dans le graphe direct. Cela revient a coller les 
deux vertex touchant la ligne, de coordination p et q pour obtenir un grand 
vertex de coordination p + q — 2. Le nouveau graphe ainsi obtenu a une ligne 
et un vertex en moins 7V(G") = N{G) - 1, L{G') = L{G) - 1, F{G') = F{G). 
Le genre du graphe est conserve sous cette operation, a cause de la relation 
2g{G) — 2 = N{G) — L{G) + F{G). Dans le graphe dual cette operation efface 
la ligne d'arbre du graphe direct. La reduction par cette operation de la ligne 
centrale du graphe sunshine est presentee dans la figure \6A\ et son effet sur le 
graphe dual du sunshine est presente dans la figure lOl En terme des variables 
grassmanniennes cette operation apparie la variable de la ligne reduite avec celle 
d'un des vertex colles. 

Iterons cette operation un maximum de fois. On peut toujours reduire un 
arbre qui recouvre le graphe direct, ayant N{G) — 1 lignes. Le resultat de cette 
operation est un graphe avec un seul vertex n'ayant que des lignes de tadpole 
et ayant le genre du graphe initial : la rosette associee au graphe. La rosette a 
une racine correspondant au vertex v. De plus, la rosette a un ordre cyclique, 
trigonometrique direct. Nous avons besoin de cet ordre cyclique pour preciser 

^Notamment, une categorie de termes dominants necessaires pour la regularisation dimen- 
sionnelle sera explicitee dans le chapitre suivant. Ces termes seront notament necessaires pour 
trouver le comportement des sous-graphes primitivement divergents. 
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Fig. 6.2: Le premier mouvement de Filk pour le dual du Sunshine 




Fig. 6.3: Rosette avec racine explicitee 



I'ordre des points sur la rosette. Un exemple est donne dans la figure [631 Les 
lignes conservent leurs orientations et pour les graphes orientables elles sortent 
des points pairs et entrent dans les points impairs. 

Dans I'annexe [D] nous prouvons que cette operation reproduit la forme du 
facteur d'oscillation d'un graphe. Par consequent, pour evaluer un terme de la 
somme lB.lll il suffit de regarder la rosette associee a un graphe et de lui associer 
le facteur : 

-J2^''ihJ)^e^£eJ (6.12) 
hi 

La seconde operation topologique est la reduction d'une ligne d'arbre dans 
le graphe dual. Cette operation efface la ligne dans le graphe direct. Le genre 
du graphe (direct et dual) ne change pas sous cette operation. En iterant cette 
operation maximalement, nous reduisons F{G) — 1 lignes d'un arbre dans le 
graphe dual. Nous aboutissons a un graphe ayant N{G) — 1 lignes d'un arbre 
T{G) dans le graphe direct reduites et F{G) — 1 lignes d'un arbre T(G) du 
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Fig. 6.4: Une superrosette 




Fig. 6.5: Troisieme mouvement de Filk 



graphe dual reduites. Ce graphe est une rosette avec une seule face, appele 
superrosette. Son dual est aussi une superrosette. Un exemple est presente dans 
la figure 16.41 

Cette operation va simplement effacer les lignes et colonnes correspondantes 
aux lignes du graphe dual reduites de la matrice B' . 

La troisieme operation topologique est la reduction du genre d'une rosette. 
Un croisement naturel est un croisement des deux lignes sur une rosette tel que 
le point final de la premiere ligne succede au point initial de la deuxieme sur 
la rosette. De telles lignes ont une face interne commune. Si une rosette a des 
croisements, elle aura certainement des croisements naturels. Les lignes 2 — 5 et 
4 — 8 dans la figure [631 sont un exemple de croisement naturel. 

La reduction du genre efface les lignes d'un croisement naturel et permute les 
points survoles par les deux lignes, comme dans la figure [6751 On appelle cette 
operation le troisieme mouvement de Filk. Elle diminue le nombre de lignes par 
2, recolle les faces d'une maniere coherente, et decroit le genre par 1. En terme 
des variables grassmanniennes, cela correspond a apparier les deux variables des 
lignes d'un croisement naturel. 

A I'aide de cette troisieme operation nous prouvons que 

Lemma 6.2.1 Le determinant associe a une rosette vaut 
- si F{G) est plus grand que 1 
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- 2^3 si F{G) = 1 

Pour avoir un terme non nul il suffit done de choisir J admissible, ce qui 
veut dire que : 

- J contient un arbre T(G) dans le graphe dual, 

- le complement de J contient un arbre T{G) dans le graphe direct 

- La rosette obtenue en effagant les lignes de J et en contractant les lignes 
de T{G) est un superrosette, done a une seule face. 

Nous avons la borne : 

HUg,,> E (^) ' 'n^^' (6-13) 

J admissible 

avec kj = \ J\-F{G) + 1. 

Les termes dominants sont ceux avec | J| minimal, done ceux pour lesquels 
J est un arbre T{G) dans le graphe dual et Ton a : 

HUg,, > (^) ' E n ■ (6.14) 

Nous allons utiHser cette borne pour evaluer le degre de divergence d'un 
graphe. Nous nous plagons a attribution d'echelle fixee < ii < ^2 • • ■ < iL(Gjl- 
Nous changeons de variable dans ti = , U = X^Xi. La divergence ou conver- 
gence du graphe est gouvernee par la nature de I'integrale sur A : 

A< f rfAA2^(G)-i+^[^(^)-il ~ / dAA-iA«^«=)+^=(«)-4 , (6.15) 
Jo Jo 

ou nous avons utilise N{G) - L{G) + F{G) = 2- 2g{G) et 2L{G) = 4N{G) - 
Ne{G). Nous voyons tout de suite que I'integrale au-dessus est certainement 
convergente si le graphe a plus de quatre pattes externes ou s'il est non-planaire. 
Par des traitements similaires nous pouvons conclure qu'un graphe est convergent 
aussi s'il a plus d'une face brisee. 

Dans ce chapitre nous avons introduit la representation parametrique dans 
la TCNC. La continuation naturelle de notre traitement est de proceder a la re- 
gularisation et renormalisation dimensionnelle de notre modele. Ce programme 
sera acheve dans le chapitre suivant. 

Une autre direction de recherche est d'approfondir les nouveaux polynomes 
hyperboliques introduits dans notre travail. Les bi-arbres, ensembles des lignes 
formes d'un arbre dans le graphe direct et un arbre dans le graphe dual, sont 
la generalisation des arbres de Symanzick pour les TCNC sur le plan de Moyal. 
Leur etude semble etre necessaire pour la construction finale du modele. Nous 
pensons que des theoremes generalisant celles du type "tree-matrix" (voir [67] ) 
pourront etre etablis. 

La dualite de Langmann-Szabo se traduit au niveau des polynomes par une 
symetrie SI Cette propriete sera exploitee pour etablir la liste complete 

des termes des polynomes. 

^Ce traitement est detaille dans la section suivante 



Chapitre 7 

Regularisation dimensionnelle 



Dans le chapitre precedent nous avons obtenu la representation parametrique 
du modele $4*. Dans ce chapitre nous allons appHquer cette representation afin 
d'achever sa regularisation et la renormalisation dimensionnelle (RRD). 

Une raison pour s'interesser a la regularisation dimensionnelle est qu'elle 
est le seul schema d'extraction des singularites dans la theorie des champs qui 
respecte les invariances de jauge. II est vrai que Ton ne possede pas pour I'instant 
une theorie de jauge non commutative vulcanisee bien etablie ; neanmoins, une 
fois une telle theorie obtenue, il sera naturel de la renormaliser a I'aide des 
techniques introduites dans ce chapitre. 

II y a une deuxieme raison d'examiner la RRD. La localite des contre-termes 
dans les theories commutatives repose sur des proprietes de factorisation des 
polynSmes de Symanzik. Ces proprietes sont faciles a prouver a partir de la 
forme expHcite des polynfimes. La moyalite, dans notre cas, va reposer sur le 
m6me type de proprietes. Cette fois-ci la factorisation est bien plus difficile a 
prouver. Nous devons nous appuyer sur des manipulations nontriviales au niveau 
des variables de Grassmann. 

Une fois la factorisation des amplitudes etablie il est possible de reformuler 
la RRD dans le langage des algebres de Connes-Kreimer. L'approche algebrique 
a la renormalisation pent ensuite 6tre exploitee pour formuler et resoudre des 
nouvelles classes de problemes de Hilbert. 

Pour effectuer la RRD nous devons combiner les techniques classiques du 
cas commutatif avec les rcsultats nouveaux charactcristiques du monde non 
commutatif. La principale difference par rapport au cas commutatif vient du fait 
que nous avons une nouvelle categoric de graphes primitivement divergents. La 
preuve de la meromorphie et I'extraction des p6les, par contre, est formellement 
identique dans les cas commutatif et non commutatif. 

Comme deja mentionne auparavant, nous avons besoin d'une amelioration 
par rapport aux resultats obtenus dans le chapitre precedent. En effet, I'amelio- 
ration du comptage des puissances d'un graphe dans le nombre de faces brisees 
n'est apparente qu'en utilisant le deuxieme polynome. Pour un sous-graphe d'un 
grand graphe, par contre, nous avons une amelioration deja au niveau du premier 
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polynome. Pour la mettre en evidence Ton doit utiliser des termes dominants 
supplementaires de G, avec un scaling global en t^'-^^+^9{G)-i ^ mais avec un sea- 

ling dans les variables de S" en si B{S) > 2. L'existence de tels termes 

sera prouvee par la suite. 

L'extraction des singularites dans la RRD se fait de la maniere suivante : 
Nous introduisons des secteurs de Hepp. Les integrates sur les parametres de 
Hepp des sous-graphes S du graphe G qui ne sont pas primitivement divergents 
convergent. Pour les S primitivement divergents nous obtenons des singularites 
explicites que nous extrayons. 

Pour prouver techniquement que les integrates correspondantes aux sous- 
graphes planaires avec plus d'une face brisee sont convergentes nous avons be- 
soin de nous appuyer sur certains termes dominants du premiere polynome. 
Ces termes existent, mais ils ne sont pas parmi ceux explicites dans le chapitre 
precedent. 

7.1 Les termes dominants supplementaires 

Les nouveaux termes sont associes a des ensembles I et J particuliers. Pour 
les specifier nous devons introduire quelques definitions. 

Appelons "ligne de genre" une ligne qui fait partie d'un croisement naturel. 
Soit S un sous-graphe planaire de G avec plus d'une face brisee. Nous appelons 
£ la ligne de G qui brise la face de S. 

Si Ton reduit S a une rosette il existe une ligne de boucle £2 & S qui soit 
croise £, soit la survole. Cette ligne £2 separe deux faces brisees de S. 

Definition 7.1.1 Soit Jo un sous-ensemble de lignes internes du graphe G. Jo 
est appele pseudo- admissible si : 

- Son complement est I'union d'un arbre T{G) de G et I2, 

- Ni £ ni £2 n'appartienent pas a T{G), 

Soit lo = {£i...£l} - £ = I -I Nous avons |/o| = L{G) - 1 et |Jo| = 
L{G) - N{G) = F{G) -2 + 2g{G). 

Theorem 7.1.1 Le pfaffien associe a Iq et Jq est 

rijg jg — 4, si £ est une ligne de genre de G 

= 16, si £ n'est pas une ligne de genre de G. 

Nous utilisons le lemme precedent de la facpn suivante : Choisissons pour 
T(G) un arbre, qui restreint a S est sous- arbre Un terme correspondant a un 
pfaffien du haut a un prefacteur de la forme : 

ti n (7-1) 

ltT(G) et 

^L'existence de tels arbres est triviale. Nous commengons par choisir un arbre en S qui ne 
contient pas I2 (ce qui est toujours possible car S est une particule irreductible) et ensuite 
nous le completons en un arbre de G ne contenant pas t (ce qui est de nouveau possible car 
G est egalement une particule irreductible). 
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Le degre global dans les variables to est F{G) + 2g{G) — 1, done il s'agit 
bien d'un terme dominant pour le graphe G. 

Le degre dans les variables ts est L{S) - (iV(5) - 1) - 1 = L{S) - N{S) = 
F{S) — 2, car S est planaire. Par consequent, sous rescaling de tons les ts par 
xf le degre minimal de Xi est au plus x^'^^'^'' ^^'^■'1. 



7.2 Factorisation 

Dans la representation parametrique la localite des contre-termes dans la 
theorie commutative se traduit par les proprietes de factorisation des polynomes. 
Au niveau du premier polynome, presente dans I'equation (|6.2p : 

T l^T 

cela se traduit par la propriete suivante : Soit S un sous-graphe primitivement 
divergent de G (un sous-graphe a deux ou a quatre pattes externes) et G/S le 
graphe G ou le sous-graphe S a ete reduit a un point. Le polynome des G se 
separe dans la somme des deux contributions suivantes : 

E 11"'+ E IT"'' (7-3) 

T,T\s arbre en S l^T T,T\s n'est pas un arbre en S l^T 

Sous un rescaling de tons les parametres as ^ p^as I'ordre dominant en p du 
polynome Uq est donne par la premiere contribution du haut, Uq : 

uh - EH"' E 11"' 

Ti arbre en S l^Ti Ts.Ts arbre en G/S l^T-i 
= p2[^(^)-^(^) + llC/5[/G/5- (7.4) 

Nous allons prouver une propriete similaire pour les polynomes des TCNC. 
Comme la forme de ces polynomes est beaucoup plus complexe que la forme 
des polynomes de Simanzik, la preuve de cette factorisation est tres technique. 
En effet, pour prouver la factorisation nous devons retourner a I'expression 
des polynomes comme determinants et ensuite prouver que ces determinants se 
factorisent comme des produits des deux autres determinants. 

Soit S un sous-graphe primitivement divergent de G. S est done planaire avec 
une seule face brisee et a deux ou quatre pattes externes. G/S est le graphe G 
ou S" a ete reduit a un vertex de Moyal (voir figures 17.11 et 17. 2p . 

Nous notons par l{p) les termes dominants en p dans la zone ultraviolette. 
Dans I'appendiee lEl nous prouvons les deux affirmations suivantes : 

Theorem 7.2.1 Sous le rescaling 



ta ^ P^ta 



(7.5) 
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Fig. 7.1: Un graphe avec un sous-graphe primitivement divergent (£4,^5 is) 

Zi Z3 




Fig. 7.2: Le graphe G/S 



des parametres correspondant a un sous-graphe divergent S d'un graphe G, le 
premier polyndme factorise comme : 

HU'^fl = HUI%HUg/s,v ■ (7.6) 
Pour la partie exponentielle on a le resultat : 

Proposition 7.2.2 Sous le rescaling ta 1— > p^ta des parametres du sous-graphe 
S nous avons : 



HVg 



HUg 



(7.7) 



p=o HUg/s 



Mis ensemble ces deux resultats donnent la factorisation des integrants des 
amplitudes : 



e H"G(p) 1 2 e """G/s 

Pour la fonction a deux points nous prouvons en plus quo I'operateur Os cor- 
respond a une renormalisation de masse et de fonction d'onde. 
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7.3 Meromorphie 

Nous presentons ci-dessous en detail la preuve de la meromorphie des ampli- 
tudes de Fej^nman en TCNC. La procedure de soustraction est similaire a celle 
des theories commutatives et nous n'insistons pas sur ces details ici. 

L'amplitude d'un graphe de Feynman s'ecrit : 

( ^ HVG_y(tf ,=ce.p<5) 

Nous analysons seulement les graphes connexes avcc au moins deux pattes ex- 
ternes. Nous prolongeons cette expression dans le plan complexe. On definit un 
secteur de Hepp a comme : 

0<ti<...<tL, (7.10) 
et nous effectuons le changement de variables adapte : 

L 

U = l[xl e = l,...,L. (7.11) 



Soit Gi le sous-graphe compose par les Hgnes ti k ti. On note L(Gi) = i le 
nombre des Hgnes de Gi, g{Gi) son genre, F{Gi) son nombre de faces, et ainsi 
de suite. L'amplitude est : 

.1 L 



L 



J = 



Dans I'equation ci-dessus nous factorisons dans HUq y le monfime avec le plus 
petit degre dans chaque variable a;, : 



^ 1 L / L 



■A.G,v{Xe, Pv)= / n '^'^^^^ f 1 - (ft x'^jf 



Le dernier terme ci-dessus est toujours borne par une constante. Des divergences 
ne peuvent apparaitre que dans la region Xi proche de 0. Nous retrouvons. 
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comme auparavant, que cette theorie n'a pas de divergences infrarouges m6me 
a masse zero. Le nombre b'{Gi) est fixe par la topologie du graphe Gi. II vaut : 



b'{G^ 



< L{G,) - [n{G,) - 1] - 2g{G,) si g{G,) > 

< L(G,) - n(G,) si g{Gi) = et B{G,) > 1 
= L(GO - [n(GO - 1] si 5(G0 = et B{G,) = 1 



Pour prouver la premiere et la derniere ligne nous devons analyser des termes 
dominants du HUg avec / = {1...L} et J admissible en G, tel que I'arbre 
T{G), inclut dans I'ensemble complementaire de J, est sous-arbre en Gi. 

Pour la deuxieme ligne nous devons choisir / = {1...L} — ^etJ pseudo- 
admissible, comme dans la section \7A\ 

Nous pouvons conclure que b'{Gi) est au plus L{Gi) — n{Gi) + 1 et qu'il 
prend cette valeur si et seulement si g{Gi) = et B{Gi) — 1. Par consequent, 
la convergence dans le regime UV {xi 0) est assuree si : 

n[2L{G^) - Db'{Gi)] > 0, i^\...L. (7.14) 

Comme 

^[2L{G,) - Db'{G^)] > 5R(2L(G,) - i?[L(G,) - n(G,) + 1]) , (7.15) 

on a toujours convergence pourvu que : 

^p^g^ MG^)~N{G,) 2L{G,) 

- n{G,) - N{G,)/2 + 1 - L{G,) - n(G,) + 1 ' ^ ' 

avec Ne{Gi) le nombre des points externes de GiU. Done Aq yi^) ^st analytique 
dans la bande 

V = {D\0<^D <2}. (7.17) 

On prolonge maintenant A comme fonction de D pour 2 < < 4. Pourvu 
que : 

- 9{G^) > 

- g{G^) = and B(G,) > 1 

- 7V(G0 > 4 , 

la bande d'analyticite est immediatement prolongee a : 

V {D\0 <^D kA + sg}- (7.18) 

pour Eg un petit nombre positif dependent du graphe. 

En efFet, dans les premiers deux cas on a b'(Gi) < L(Gi) — n{Gi) done 
I'integrale sur Xi converge pour : 

- ^ ^ n(G.) - A^(G,)/2 L(G,)-n(G,)' ^ ' 



^On utilise ici la relation topologique 4N{Gi) — N^{Gi) = 2L{Gi) 
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et dans le troisieme cas, comme N{Gi) > 4, I'integrale sur Xi converge pour : 

Vn<i, MG.)-iV(G.) _ 2L{G,) 

- n{G,) - N{Gi)/2 + 1 L(G,) - n{G,) + 1' ^ ' " 

Seuls les sous-graphes planaires avec une seule face brisee avec deux ou quatre 
points presentent des divergences UV dans la bande 2,4 + e. lis sont appeles 
primitivement divergents. Soit S un sous-graphe primitivement divergent. On 
note son parametre de Hepp p. En utilisant I'equation (|7.8p . sa contribution a 
I'amplitude est : 



L'integrale sur p est un operateur meromorphique en D avec la partie diver- 
gente donnee par : 



2L{S) - D[L{S) - n{S) + 1] 2L{S) - D[L{S) - n{S) + 1] + 2 

Nous avons un pole isole a I? = 4 si a quatre points. Si a deux points, nous 
avons deux poles, I'un a D = 4 — 2/N{S) et I'autre h D — A. Comme toutes les 
singularites sont de ce type, nous avons prouve que Aq est meromorplie dans 
la bande : 

V ^{D\Q<^D <4 + eG}. (7.21) 

□ 

Dans notre etude nous avons prouve la factorisation des amplitudes de Feyn- 
man des TCNC. Nous avons reussi a prouver que les amplitudes sont des fonc- 
tions holomorphes dans le plan complexe (la generalisation de notre preuve pour 
la bande 0, 4 pour tout le plan complexe etant triviale). Une fois la structure des 
singularites etablie nous avons pu les extraire a I'aide des operateurs de Taylor 
(voir appendice [E| . 

Pour le futur, une voie de recherche sera de reprendre les memes procedures 
pour une theorie de jauge vulcanisee. Comme nous ne disposons pas pour I'ins- 
tant d'une telle theorie, nous ne pouvons pas demarrer un tel programme pour 
I'instant. 

Une autre voie de recherche qui devrait aboutir a une reponse est de trouver 
lequel des traitements que nous avons effectues pent se generaliser pour d'autres 
varietes non commutatives. 

Une autre question tres interessante est d'essayer d'etablir un nombre de 
conditions necessaires et sufEsantes pour que les amplitudes de Feynman se 
factorisent. Si nous disposons d'une telle caracterisation, nous pourrons nous 
prononcer sur la question de la renormalisabilite pour des theories des champs 
plus generiques. 



Chapitre 8 



Le representation de Mellin 
complete 

En s'appuyant sur la representation parametrique des TCNC introduite dans 
[39l l40] , nous aliens maintenant introduire la representation de Mellin Complete 
(CM) du modele $4^. Cette representation des amplitudes de Feynman est la 
plus compacte connue. De plus, elle est un nouveau point de depart pour la re- 
normalisation et pour I'etude des comportements asymptotiques des amplitudes 
sous rescaling arbitraire des invariants externes. 

Dans les theories commutatives le probleme du developpement asympto- 
tique est formule de la maniere suivante. Etant donnee une amplitude de Feyn- 
man nous rescalons I'un de ses invariants externes par un parametre a. Nous 
cherchons a exprimer I'amplitude comme serie asymptotique de puissances et 
puissances du logarithme de a. La representation de Mellin nous fournit ce 
developpement dans certains cas. 

Une propriete des polynomes de la representation parametrique requise pour 
pouvoir prouver I'existence d'un developpement asymptotique est la propriete 
FINE. Un polynome est appele FINE s'il se factorise dans tout secteur de Hepp. 
Pour les polynomes FINE la transformation de Mellin inverse, qui nous donne 
I'amplitude en fonction de a, a une structure meromorphe et ses residus nous 
donne I'expansion asymptotique. 

Si un polynome n'est pas FINE, nous pouvons le decomposer dans plusieurs 
morceaux, chacun avec la propriete FINE. Nous pouvons ensuite associer un 
parametre de Mellin a tout sous-polynome FINE. Si nous poussons ce raison- 
nement a ses limites, nous pouvons associer un parametre de Mellin a tout 
monome. Cette representation est appelee "Mellin Complete" (CM). 

De plus, dans le cadre de cette representation, nous pouvons integrer les 
parametres de Schwinger et nous pouvons reformuler la renormalisation comme 
I'etude des deplacements des pieds des contours d'integration des variables de 
Mellin dans des cellules du plan complexe. Cela nous permet de traiter au meme 
niveau les amplitudes divergentes et convergentes dans I'ultraviolet. 
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A I'aido dc, la representation CM nous prouvons le resultat suivant. Soit une 
amplitude de Feynman G(sfe) ecrite en fonction des ses invariants Sk (on inclut 
aussi les masses des particules). Soit un regime asymptotique defini par : 

Sk a^i-Sk, (8.1) 

avec ttk positif, negatif, ou nul. 

Nous laissons a tendre vers I'infini. G{sk) a un developpement asymptotique 
comme fonction de a du type : 

-OO 9max(p) 

G{a;sk)= Yl E GpMaPln'^a, (8.2) 

P=Pmax q=0 

OU p est un nombre rationnel {Pmax son maximum) et q, k p donne, est un 
nombre naturel. 

Notre but final est de retrouver un tel resultat pour TCNC. Nous allons nous 
concentrer par la suite sur le debut, soit I'introduction de la CM pour TCNC. 
Nous trouvons une structure distributionnelle plus compliquee que dans le cas 
commutatif, mais nous obtenons un premier resultat, celui de la meromorphie 
des amplitudes de Feynman. 



8.1 La representation CM dans la TCNC 

Pour toute fonction /(w), derivable par morceaux pour u > 0, si I'integrale 



g{x)= / duu-^-'f{u) (8.3) 
Jo 

est absolument convergente pour a <^x < (i, alors pour a < a < (3 

m = 7r^ dxg{x)u\ (8.4) 

^T^l Ja—ioo 

La fonction g s'appelle la transformee de Mellin de /. 

Pour f{u) = e~", et u = HVk/HU, la transformee de Mellin inverse est : 

e-^^^/^^=/^r(-y,)(||y\ (8.5) 

ou /^^ est une notation abregee pour ^^f^i et 3iyk est fixe a Tfc < 0. 

Pour tout u positif, en choissant x avec ^x < 0, tel que < + u, nous 
avons I'egalite suivante : 

r(u)(A + S)-"= r ^^^^r{-x)A^r{x + u)B'''-\ (8.6) 
J-oo 27r 
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Nous prcnons A = HUi et B = HU2 + HU3 + ■ ■ ■ ot nous utilisons iterati- 
vement I'egalite ci-dessus pour u = yk + D/2, pour obtenir : 

T^Vk + ^^HU-^'^y-^ = J^l[ri-xj)HU;\ (8.7) 

avec ^Xj = aj < 0, ^ {J2kyk + ~ Sfc'^'s + T > 0' veut dire 

I-^ rij avec Xj+J2kyk=-T- 

Pour utiliser les deux transformations presentees ci-dessus nous devons se- 
parer les polynomes hyperboliques dans des sommes des monSmes. Pour cela, 
nous commengons par I'expression du premier polynome : 

Ku=IUJ, n+\Ku \ impaire (^I CeJ 

Ku e Ku 

avec : 

- I sous-ensemble des premiers L indices avec son cardinal \I\, J sous- 
ensemble des L indices suivants de cardinal |J|, 

- B est la matrice antisymetrique restante, 

- nxu = Pf(^/f~) le pfafSen de B avec les index de Ku = lU J omis, 

- kKu est \Ku\ - L{G) - F{G) + 1, 

utKjj = { 1 si ^ / et £ ^ J) ou (£ e / et £ e J) . (8.9) 

Le second polynome HV se decompose en partie reelle HV^ et imaginaire HV^ . 
En plus des ensembles / et J du haut, nous introduisons une ligne particuliere 
T ^ I, analogue d'une coupure d'un arbre en deux. Definissons Pf(i3^-^.) le 
pfaffien de la matrice obtenue de B en efTagant les lignes et les colonnes dans /, 
J et T. De plus, nous definissons e/,r la signature de la permutation : 

1, . . . ,rf ^ 1, . . . . . . . . . , V, . . .,d,ir,i\i\ (8.10) 

avec d = 2L{G) + N{G) - 1. Mors : 

Kv=iuj e^i e/eJ ei t^Kv 

= E^"vfn*rO-E^^"v (8-11) 

Kv V=l / Kv 



avec 



s 



?v = I E^e E PerSKyrPiiBj,'^,) ] (8.12) 

T^Kv 
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et ViKv sont donnes par la m6me formule que uiku ■ 

La partie imaginaire fait intervenir de paires des lignes r, r' et une signature 
correspondante (detaillee en [39]) : 



Kv=iuJi^i e'ej 



£1,62 rr' 



avec : 



- E^^.fncO-E^^i^v (8-13) 



= eKvPf(i?KV) E(E^-^^--'Pf(^/fVfr')^e'r')a^e ^ ^eA ■ (8.14) 



, e,e T,T 



Les principales differences entre la TCNC et la TCC sont : 

- la presence des constantes aj dans HU, 

- la partie imaginaire i HV-'' de HV , 

- Le fait que uij et vik peuvent prendre la valeur 2 (pas seulement et 1). 
Pour la partie reelle HV^ de HV nous utilisons I'identite : 



qui introduit I'ensemble des parametres de Mellin . 

Pour la partie imaginaire une identite similaire n'est vraie qu'au sens des 
distributions. Nous avons, pour HV^^/U > et — 1 < t]^^, < : 



HU / 



(8.16) 



Nous introduisons ainsi un autre ensemble de parametres de Mellin y^^- Le 
caractere distributionnel de cette egalite est I'une des principales differences 
avec le cas commutatif. 

Pour HU nous utilisons la representation : 

r (T.y'<v + f ) (Huy^-v^y^v+yi.^-^ = J^l[r{-XKu)Hu'/y , 



avec yxv = Vkv + Vk^ 



(8.17) 
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Ag = 



Une amplitude generale de Feynman s'ecrit comme : 

(ll{4cy"r{-AA /'fl*(i -<?)*-'<?•-' (8.18) 

4>i = J2^il<uXKu + ^{-"fxyVKv + ^KvVKv) + 1- (8-19) 

Ku Kv 

Par nous entendons une integrale sur ^""^^^^ ' ^^-Ith"^ ' °^ ^ 

domaine convexe 



avec : 



cr, T , T 



(^ATc/ < 0; r|-^ < 0; -1< r|^, < 0; 

ye, Re (j)e = J2Ku '^eKu'^Ku 

+ Ekv ivfj^^r^^ + vJj^^tI^) + 1 > 



D. 

2 ' 



(8.20) 



et (T, et t-^ representent Re xku , Re et Re . 

Les integrales dti peuvent etre effectuees en utilisant la representation de la 
fonction b6ta : 



JO 



De plus, nous avons 



0, D r(^)r(f) 



(8.21) 



3.22) 



Cettc representation est convergente pour < 1R.D < 2. Nous obtenons ainsi la 
representation CM d'une amplitude de Feynman dans la TCNC : 

Theorem 8.1.1 Toute amplitude de Feynman d'un graphe de est analytique 
au mains dans la bande < SRD < 2 om elle a la representation CM suivante : 



Ag = K' [ 
J A 



L 



(8.23) 



vraie en tant que distribution temperee des invariants externes. 
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A partir do cotto formulc nous avons obtonu la continuation do la roproson- 
tation CM d'une amplitude a une distribution temperee dependant meromor- 
phiquement de D dans tout le plan complexe. 

Une fois la representation de Mellin Complete introduite et la meromorphie 
prouvee nous devrons essayer de trouver les generalisations des resultats clas- 
siques obtenus a I'aide de cette representation dans la theorie commutative. Le 
premier but est dc reformuler la rcnormalisation dans Ic nouvcau langage. Dans 
les theories commutatives la renormalisation est equivalente au deplacement des 
pieds des contours d'integration entre differentes cellules de Mellin dans le plan 
complexe. La soustraction est equivalente avec le passage d'une representation 
de la fonction r(p) pour < p & une representation pour — 1 < p < 0. II faut 
verifier que ces soustractions sont donnees par des contre-termes de la forme du 
Lagrangien. En tenant compte des travaux presentes dans le cfiapitre precedent 
nous pensons que ce resultat suivra. 

Une fois la renormalisabilite prouvee, le deuxieme but est de prouver I'exis- 
tence des series asymptotiques sous un rescaling des invariants de I'amplitude. 
La combination de notre representation de CM et des techniques classiques 
fournira tres certainement ce resultat. 



Chapitre 9 

Conclusion 



Le long de cette these nous avons etudie le modele <I>4 de plusieurs points 
de vue. Nous avons etudie le modele a I'aide de diverses techniques introduites 
le long de nos travaux. Ainsi, nous disposons aujourd'hui pour les TCNC d'une 
panoplie d'outils d'analyse presque tout aussi developpee que pour leurs parte- 
naires commutatives. 

Parmi les divers resultats presentes dans nos travaux, probablement le plus 
excitant est I'annulation de la fonction beta du modele. Les modeles avec des 
flots bornes sont tres coherents du point de vue mathematique, notamment nous 
pouvons esperer les construire non perturbativement. Si cette caracteristique 
s'avere generique pour les TCNC vulcanisees elle fournira a elle seule un tres 
fort argument en leur faveur. 

Les identites de Ward que nous avons utilisees pour prouver ce resultat ont 
un statut tres particuHer. Dans les theories de champs commutatives les identites 
de Ward sont la consequence de I'invariance de jauge. En considerant un modele 
invariant de jauge nous devons fixer la jauge. Ensuite, si nous agissons avec une 
transformation de jauge infinitesimale de la meme fagon que dans nos travaux 
nous obtenons les identites de Ward. 

II semble que notre modele initial corresponde a une action deja fixee de 
jauge ! Nous nous demandons done si il existe une forme invariante de jauge 
associee a notre modele. Une fois une telle invariance comprise nous devons 
construire une action de Yang Mills associee. Cette action sera differente des 
actions de Yang Mills deja proposees par |33[ 134). 

Nous concluons que le sens des transformations unitaires qui intervient dans 
la preuve de I'annulation de la fonction b6ta devrait etre approfondi. Si nous 
considerons que les operateurs associes aux coordonnees se transforment reelle- 
ment sous les unitaires nous voyons que ces transformations correspondent aux 
diffeomorphismes preservant I'aire. En effet, si dans une transformation : 

x't' = U^x'^U (9.1) 

nous prenons U = e*^ avec H une matrice hermetienne infinitesimale, nous 
voyons qu'au premier ordre en H le jacobien de la transformation x ^ x' est 
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J{x,x') = 1. Quel est le sens physique de cette transformation? Elle apparait 
naturellement dans I'etude des fluides non commutatifs (voir [10]), car les fluides 
sont incompressibles. Nous ne disposons pas pour I'instant d'une interpretation 
convaincante de ces transformations pour nos modeles. 

Una direction de recherche future est la construction des modeles fermio- 
niques non commutatifs renormalisables. Des pas dans cette direction ont ete 
faits par Vignes-Tourneret. L'auteur a propose une vulcanisation du modele 
de Gross-Neveu engendre par un champ de fond. Le modele est renormalisable 
pour tout ft ^ 1, mais la fonction beta du modele n'est pas nulle. Ces travaux 
semble suggerer que la finitude des fiots n'est pas generique dans les theories 
vulcanisees. 

Neanmoins, il existe d'autres fagons de vulcaniser une theorie fermionique. 
Une proposition pour le modele de Gross Neveu (et meme le modele de Yukawa 
non commutatif) qui ne pent pas etre interpretee en terme d'un champ de fond 
est la suivante : 



avec 7 des matrices de Dirac 4 x 4. A premiere vue il semble etrange qu'on ait 
besoin des spineurs quadri-dimensionnels pour decrire un systeme de fermions 
a deux dimensions. Une telle theorie peut-elle etre raisonnable ? 

La reponse est la suivante : la deduction historique de I'equation de Dirac 
part de I'equation du mouvement pour les bosons. Dirac a trouve la bonne fagon 
d'extraire la racine carree du d'Alembertien : 



Dans les TCNC le bon hamiltonien Hbre pour les bosons a deux dimensions est : 



Le hamiltonien libre pour les fermions devrait etre done la racine carree de cet 
operateur, qui fait intervenir des spineurs quadri-dimensionnels. Une proposi- 
tion similaire a ete faite independament en [94]. Les auteurs introduisent un 
operateur similaire en quatre dimensions (qui fait intervenir par consequent des 
spineurs en seize dimensions) et I'ont utilise pour calculer une action spectrale 
du type Connes-Lott d'un champ de jauge couple a un boson de Higgs de la 
forme du modele (j)^^. 

Nous nous proposons d'etudier par la suite cette theorie et notamment sa 
fonction beta. 

L'etude des theories non commutatives, et en particulier $4'' au niveau 
constructif est d'un grand interet. Si le modele est construit nous disposons 
d'un deuxieme argument de coherence mathematique en sa faveur. 

L'absence du fantome de Landau est un bon signe qui va dans cette direc- 
tion. De plus, les travaux recents de Rivasseau et Magnen [92| [93] ont abouti 
a la construction du modele dans une tranche. II nous reste neanmoins encore 
plusieurs points deHcats a traiter. Nous avons besoin de prouver que la fonction 




(9.2) 



(9.3) 



Ho = dl + 9| + i? + il . 



(9.4) 
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beta est nulle constructivement, ce qui represente un travail technique non ne- 
gligeable. Ensuite ces resultats devrait se combiner en une analyse constructive 
multi tranche de notre modele. II est interessant de mentionner que la symetrie 
entre les faces droites et gauches intervient d'une fagon cruciale dans les preuves 
constructives monotranche. C'est une nouvelle indication que la symetrie sous- 
jacente du modele est cruciale pour sa coherence. 

Nous avons deja mentionne les fluides non-commutatifs. Les diffeomorphismes 
preservant I'aire intervient d'une fagon tres naturelle comme groupe d'invariance 
d'une telle theorie. Cependant nous ne savons pas encore appliquer notre groupe 
de renormaHsation a ces theories. Cela est principalement du aux difficultes 
techniques Hees aux degenerescences du propagateur. Ces singularites sont la 
consequence de la structure des niveaux de Landau. A cause de I'espacement 
entre les niveaux nous ne pouvons pas decouper le spectre du hamiltonien libre 
en tranches arbitrairement etroites. Nous avons teste differentes regularisations 
possibles, mais nous ne disposons pas pour I'instant d'une recette definitive du 
traitement des ces singularites. 

Y-a-t il un lien entre nos travaux et la quantification de la gravitation ? Nous 
proposons le scenario suivant : 

Nous voulons traiter les operateurs de position comme des champs quan- 
tiques et integrer sur leurs fluctuations. En fln de compte a I'echelle de Planck 
I'espace temps lui meme devient dynamique. Nous pouvons choisir toujours de 
nous placer dans un systeme de reference inertiel. Cela veut dire que pour toute 
geometrie, localement I'espace-temps tangent est plat. Nous pensons que les ef- 
fets des fluctuations des operateurs de position devraient 6tre ressentis aussi 
dans ce contexte plat. Dans un tel systeme, en premiere approximation la quan- 
tiflcation de I'espace-temps prendra la forme d'un espace de Moyal. Integrer 
sur les fluctuations des operateurs de position nous donnerait ainsi le cadre ge- 
nerique pour la quantiflcation de la gravitation. II est en plus possible que les 
configurations des champs avec des operateurs de position unitairement equi- 
valents soient sur la meme section de jauge, et que nous ayons a effectuer une 
fixation de jauge. 

Les auteurs de [49] ont traite le modele $4'' avec des techniques des modeles 
integrables. Dans ces travaux les auteurs ont notamment cherche une limite 
thermodynamique non triviale du modele pour certaines valeurs des parametres. 
L'annulation de la fonction beta au point de dualite {fl — 1) indique I'existence 
de cette Hmite. Une direction de recherche future est done la construction expli- 
cite de la fonction de partition du modele. De plus, les consequences de nos tra- 
vaux pour des modeles de matrices generaux, merite aussi une etude detaillee. 
En effet dans la base matricielle au point de dualite nous avons a faire a un 
modele de matrices non identiquement distribues, sa covariance etant . Si 
nous arrivons a construire explicitement la fonction de partition, nous pourrons 
essayer de le faire aussi pour d'autres covariances. 

Une autre direction de recherche future est d'adapter nos methodes pour des 
geometries non commutatives plus generales. Nous nous proposons de mener 
une etude de ces modeles sur des espaces-temps courbes munis de produits de 
Moyal adaptes. A la lumiere de recents travaux sur ce sujet nous mentionnons 
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que la Moyalite des contrctcrmcs est une caracteristique tres generale, associe 
aux proprietes d'associativite et de tracialite de la deformation. 

Ensuite nous pourrons tester si la fonction b6ta des ces modeles est nulle. 
La representation parametrique peut probablement etre introduite d'une fagon 
similaire au cas plat. Dans ces conditions la regularisation et renormalisation 
dimensionnelle peuvent 6tre envisagees. Nous pouvons aussi esperer appliquer 
nos techniques aux varictcs non commutativcs plus generales, commc Ics spheres 
floues par exemple, mais nous ne savons pas encore comment vulcaniser les 
theories de champs sur ces varietees. 

Le nouveau groupe de renormalisation que nous avons developpe dans notre 
these devrait aussi trouver une application dans la reformulation du modele 
standard par Connes et Chamseddine. II est possible que la non-commutativite 
tres simple mise en evidence par les deux auteurs (mais limitee a un espace 
interne) devienne plus compliquee au fur et a mesure que nous montons en 
energie et envahisse I'espace-temps ordinaire. Dans ces conditions le groupe 
de renormalisation commutatif devrait etre remplace par notre groupe de re- 
normalisation non commutatif a partir d'une certaine echelle, entrainant une 
modification des flots du modele standard. 

Comme la dualite de Langmann-Szabo est la raison profonde qui tue le 
fantome de Landau, on peut se poser la question de savoir si elle peut jouer 
un rfile similaire a la supersymetrie pour dompter les divergences UV. En effet 
I'idee de la supersymetrie soufFre du fait que nous n'avons encore trouvc aucun 
partenaire supersymetrique. Si dans des experiences futures nous trouvons de 
tels partenaires, ils seront de toute fagon de plusieurs ordres de grandeur plus 
lourds, ce qui devrait etre expHque. Les partenaires des electrons sont deja bien 
plus lourds que ceux-ci, mais la situation est bien pire pour les neutrinos. Get 
ecart enorme a du mal a s'interpreter avec les theories actuelles. II est done 
raisonnable de chercher des alternatives a la supersymetrie. 

Nous trouvons dans nos travaux que la dualite de Langmann Szabo joue un 
role similaire a la supersymetrie et ameliore les comportements UV des theories 
de champs. La non-commutativite peut done etre une alternative a la super 
symetrie. Pour etre juste il est vrai que tandis que le flot de la constante de cou- 
plage A est fini dans nos theories, les masses divergent encore quadratiquement. 
Pour pouvoir considerer les theories vulcanisees comme des vraies alternatives 
aux theories supersymetriques nous devons premierement comprendre mieux le 
statut de ces divergences. Une telle etude aboutira en fin de compte a la ques- 
tion cle : Est-ce qu'on peut donner un sens physique a la dualite de Langmann 
Szabo entre position et impulsion et si oui, est-ce qu'elle peut jouer un role dans 
le modele standard et dans le mecanisme de brisure spontanee de symetrie ? 

Meme si la TCNC ne s'applique pas a I'au dela du modele standard elle 
fournit un formalisme qui generalise la theorie quantique des champs habituelle. 
Par consequent elle doit nous permetre de mieux comprendre des problemes 
ouverts de la theorie commutative, comme des problemes en champ fort, tel 
I'effet Hall quantique ou le confinement. C'est une motivation supplementaire 
profonde pour poursuivre I'etude de ces modeles. 



Chapitre 10 

Appendice Technique 



La premiere section de ce chapitre est dediee au plan de Moyal, et la seconde 
a la renormalisation. 



Le plan de Moyal pent etre introduit de plusieurs fagon. On va opter ici pour 
une definition "utilitaire" en sacrifient les subtilites mathematiques en faveur 
de la simplicite. 

Soit S I'espace des fonctions Schwarz (a decroissance rapide) definies sur 
avec D pair. Soit 9 une matrice antisymetrique D x D aux entrees reelles. Entre 
deux fonctions /, g € 5 on definit un produit deforme (appelee produit de Moyal 
et note ★) par I'integrale : 



La condition que f et g sont Schwarz assure la convergence de I'integrale (|10.ip . 
De plus on voit que la valeur du produit de Moyal en un point prend en compte 
les valeurs des fonctions dans tout I'espace : on a a faire avec un produit non 
local. 

On peut etendre le produit de Moyal pour des fonctions plus generales, 
notamment si / est une fonction coordonne, f{x) = x^, I'integrale est encore 
convergente. 



10.1 Le plan de Moyal 




(27r)^ 



d^'v f{x + -ek) g{x + y) e'' 



(10.1) 



{x>^*g){x) 




(10.2) 
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analogue : 



(g^xm^) = x^g{x) - '-e^-'d.gix) . (10.3) 



Les deux relations d'avant nous fournisent une representation du produit habi- 
tuel et de la derivee a I'aide du produit de Moyal : 

[^^9l ^^dxg, {x^,gh ^2x^g. (10.4) 

On note que sous le signe d'integrale on pent remplacer un produit ★ par un 
produit habituel. En effet : 



d'^xf *g = I d^'x^^ d^'y f{x + ^0k) g{x + y) e'^'^ 
d^k 



d^y J{x' -y+Uk) g{x') e^'=^ 



d""^'^ d^v' f{x'-y') g{x') e^'y' 

d^x' d^y' fix' - y') g{x') 5{y') 

d^'x' f{x')g{x') . (10.5) 

Cette propriete est essentielle car elle nous permettra par la suite de trans- 
former tous les produits des champs dans la partie quadratique des actions en 
produits de Moyal. 

Pour reference ulterieure on calcule ici aussi la forme de I'integrale du produit 
de Moyal dans I'espace direct entre quatre fonctions : 

j d''x{h^h*h*U){x) (10.6) 

Un simple changement de variable dans I'eq. IjlO.ip nous fournit la represen- 
tation suivante : 

if^am = .n.\.o.-n / f{xi)g{x2)e^'--o-'^^-^^^'''(-^-'^-^ (10.7) 



(27r)^det(26'-i 
et on obtient : 

det(26i-i)2 



/i * /2 * /s * /4 = 



(2^) 



2D 



/ d^x d^Xifi{xi) 

J 1 A 



^llX^B X\-\'1lX4^Q X3 — 2lx0 {xi—X2-\-X3 — X4) 



det (261-1) 



[ n d''x,Mx,)S{xi - X2 + X3 - X4)e-^<^''"^'+^-''"''^^ (lO.J 



2^1,4 
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10.1.1 La base matricielle 

Un oiitil tres important dans I'etude du plan de Moyal est la base matricielle. 
Pour simplicite on se limits a deux dimensions de I'espace, la generalisation en 
toute dimension arbitraire paire etant triviale. En deux dimensions on pent 
eflectuer un changement de coordonnees tel que la matrice 6 prend la forme de 
Jordan : 

^={-0 o)^^^ • (10-9) 

Appellons les coordonnees de I'espace et x'^. On introduit les variables 
holomorphe et anti holomorphe : 

1/1 2\— -^/l 2\ 

a = —;=(X + IX ) ,a = —;=[X — IX ) 

da = -^{d^-ld2) ,d-a=^{dl+ld2). (10.10) 

lis respectent les proprietes suivantes : 

6 
{a-kf){x) = a{x)f{x) + -daf{x) ,{f-ka){x)=a{x)f{x)- -daf{x) 

{a*f){x) = a{x)f{x) - ^-dafix) ,{f^a){x) = a{x)f{x) + ^a„/((lp.ll) 

et la mesure de Lebesgue sur le plan devient dx^ A dx'^ = ida A dd 
Soit la fonction 

/o(a,a) =2e-i°». (10.12) 
Elle est invariante par le produit de Moyal : 

/o^/o = 4 j d^y-0^e-i'-^^"+y"+^^y+'^''''+'^''"+'''y^ 
r -^{y ^)(_ 

/ d^yd^ke V ' 2 



2 



22 2(9^ 2^^^) I 1 M i A T , 

= 2e-«^ e V2 eJ\2'^^J=fQ_ (10.13) 



1 



Soit I'ensemble des focntons {fmn} (polynfimes d'Hermite en deux dimen- 
sions) defini par : 

/„„ = ^=4==a*'"*/o*a*". (10.14) 
Notons que * /o = 2V h et /o * a'^" = 2"a"/o, f^n = /nm-De plus : 

a -k fmn = Vm0fm-ln , fmn *d = Vn0fmn-1 , (10.15) 
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ce qui nous donne : 

fmnhl=Sr.,f,r.l,Jfmn = 2nOS^^. (10.16) 

Toute fonction peur 6tre developpe sur cette base : 

^(^) = X! 't'ranfmn , <Pmn = / dxfnm * H^) ■ (10.17) 
mn 

Lc produit dc Moyal cntrc deux fonctions est reprcsente dans cette base par 
le produit matricielle. De plus la matrice associe a la complexe conjuguee d'une 
fonction est la hermetique conjuguee de la matrice associe a la fonction. 
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In this paper we provide exact expressions for propagators of noncommu- 
tative Bosonic or Fermionic field theories after adding terms of the Grosse- 
Wulkenhaar type in order to ensure Langmann-Szabo covariance. We emphasize 
the new Fermionic case and we give in particular all necessary bounds for the 
multiscale analysis and renormalization of the noncommutative Gross-Neveu 
model. 

A.l Introduction 

This paper is the first of a series in which we plan to extend the proof of 
perturbative renormalizability of noncommutative (pj^ field theory [27t [29j [4T] to 
other noncommutative models (see |25) for a general review on noncommutative 
field theories). 

We have in mind in particular Fermionic field theories either of the relati- 
vistic type, such as the Gross-Neveu model in Euclidean two dimensional space 
|42[ I43] , or of the type used in condensed matter for many body theory, in which 
there is no symmetry between time and space. In the commutative case, these 
non-relativistic theories are just renormalizable in any dimension [44l l45l l46]. 
Their noncommutative version should be relevant for the study of Fermions in 
2 dimensions in magnetic fields, hence for the quantum Hall effect. Of course a 
future goal is also to find the right extension of the Grosse-Wulkenhaar method 
to gauge theories. 
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In this paper we generalize the computation of the Bosonic (f>f propagator 
of [29] and provide the exact expression of the propagators of Fermionic non- 
commutative field theories on the Moyal plane. We will restrict our analysis to 
one pair of noncommuting coordinates, as the generalization to several pairs 
are trivial. These propagators are not the ordinary commutative propagators : 
they have to be modified to obey Langmann-Szabo duality, according to the 
pioneering papers [29^ [30] . We propose to call vulcanization this modification of 
the theory, and to call vulcanized the resulting theory and propagators. 

Like in [H] we can slice the corresponding noncommutative heat kernels 
according to the Schwinger parameters in order to derive a multiscale analysis. 
In this framework the theory with a finite number of slices has a cutoff, and the 
removal of the cutoff (ultraviolet limit) corresponds to summing over infinitely 
many slices. However for the Fermionic propagators treated in this paper this 
multiscale analysis is harder than in the Bosonic case. In a;-space the propagator 
end-terms oscillate rather than decay as in the Bosonic case. In matrix basis 
the behavior of the propagator is governed by a non-trivial critical point in 
parameter space and in contrast with the Bosonic case there is no general scaled 
decay for all indices. The main result of this paper is the detailed analysis of 
this critical point, leading to Theorem lA.4.H namely to the bounds required for 
the multiscale analysis of the 2 dimensional Euclidean Non-Commutative Gross- 
Neveu model. These bounds are slightly worse than in the (j>f case. However they 
should suffice for a complete proof of renormalizability of the model to all orders 
(see the discussion after Theorem lA. 4. ip . This complete proof is postponed to 
a future paper [32] . 



A. 2 Conventions 

The two dimensional Moyal space M.g is defined by the following associative 
non-commutative star product 

(a * b)ix) - J -0^ J d?v a{x+\e-k) h{x+y) e*^ . (1.1) 

which corresponds to a constant commutator : 

[x\x^] = , where 9 = (^^^ . (1.2) 

In order to perform the second quantization one must first identify the Hil- 
bert space of states of the first quantization. If we deal with a real field theory 
(for instance the 0"* theory which is treated in detail in [28]) one considers a 
real Hilbert space, whereas for a complex field theory (e.g. any Fermionic field 
theory) one has to use a complex Hilbert space. 

A basis in this Hilbert space is given by the functions fmn defined in [28l |47] . 

Any complex-valued function defined on the plane can be decomposed in 
this basis as : 

Xix) = ^Xm,nfmn{x). (1.3) 
m.n 
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A crucial observation is that fmn{x) = fnm{x) (which can be verified on the 
explicit expression for /,„«)• A real function in this basis obeys : 



X{x) — X{x) ^ ^^Xmnfmn(x) ^ ^ Xpqfpq(x) ^ Xmn Xnm- (l'^) 

The scalar product (which must be sesquilinear for a complex Hilbert space) 
is then defined as : 

^ ^ ^pqXrs^pr^qs ^ ^ 4^pqXpq • (-^•^) 

Notice that if is a real field we have : 

{4>,X) ^^(l^qpXpq, (1-6) 

so that our conventions restrict to those in |28] for the real 0^ theory. With this 
convention {fki,x) = Xmn J fkifmn = Xki- A linear operator on this space acts 
like : 

[A(j}]kl = {fkl,AcP) = Y,{hhAf-,-an)^mn. (1.7) 

At this point the convention consistent with that for the real theory found 
in [2HI is to note : 



f cPx - f 

{fkl,Af„in) = / -^fkl{x) i (fyA{x,y)fm,i{y) Al^k-m,n- (1.8) 

With this convention the product of operators is 

lAB]p^q.r,s = ifqp^ABfrs) = ^^{fqp,Aftu){ftu,Bfrs) = ^ ^25,g;4,«-B«,t;r.s 

(1.9) 

and the identity operator / has the matrix elements : 

4^van — ^ ^^ {finn7 fpq}*^pq -^n,m;p,q — ^pin^nq- (1-1^) 

p,q 

We pass now to the second quantization. The quadratic part of the action 
is generically (in x space) : 



/ d'xxix) Hix,y) xiy)- (1-11) 



In the matrix basis one has the action : 
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S^27r0 J2 \xpq{^ j ^gfpqi.x)H{x,y)hi{y))xki. (1.12) 

m.n.k.l 
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We define the Hamiltonian in the matrix basis as : 

H,,p;k,i = 2 J f^f^^{x)H{x,y)hi{y) (1.13) 

where the 2 has been included in order to maintain the conventions in [28] for 
the case of a real field. 



A. 3 Non- Commutative Schwinger Kernels 

In this section we provide the explicit formulas for the Schwinger represen- 
tation of the non-commutative kernels or propagators of free scalar Bosonic and 
spin 1/2 Fermionic theories on the Moyal plane. These formulas are essential 
for a multiscale analysis based on slicing the Schwinger parameter. 

The different propagators of interest are expressed via the Schwinger para- 
meter trick as : 

/■oo 

-1 _ / J+ „-tH 



= / dt e-'". (1.1) 



A. 3.1 Bosonic x Space Kernel 

We define x A and X • x' — xqXq + xix'i. The following 

lemma generalizes the Mehler kernel [48] : 

Lemma A. 3.1 Let H be : 

H ^^[-d^-d'^ + V?x^ - 2iB{xndi - xido) . (1.2) 
The integral kernel of the operator e^^^ is : 



e 



-'"{x,x')^ ^ ^,^ e-^, (1.3) 
^ ' ' 27rsinhm ' ^ ^ 



Jlcoshilt, 9 ,9, cosh i?t , flsinh Bt , 

^ = „ . , ^ [x^ +x'^) . , ^ x-x' -I . , ^ xhx'. 1.4) 

2sinhf7t^ ' sinhl7i sinhf^t ^ ' 

Proof We note that the kernel is correctly normalized : as = -B ^ we have 

J. TT . X \X — x' \ 

e-*^(x,x')->— e-^^, (1.5) 

which is the normalized heat kernel. 
We must then check the equation 

^e-*^ + i7e-*« = 0. (1.6) 



A.3. NON-COMMUTATIVE SCHWINGER KERNELS 
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In fact 



dt 27rsinhml 2smh^nt 



B sinh Vit sinh Bt — cosh Q,t cosh i?t 



_B cosh Bt smh fit — 17 sinh i?t cosh fit 



^ B cosh Bt sm 
+ iQ 

Moreover 



-X ■ X 



in """" """""""" a; Ax'l. (1.7) 

sinh^m J 



(-9f-9|) t„ ne^^ IrrJcoshm VLcoshBt 

— —e~*" = - — coth nt - - . -, ^ X . , ^ : 

sinh fii sinh Sit 



27r sinh VLt L 2 

rj^sinh^Bi „ Vi^ coshVtt sinh Bt 

X + z ^ X A X' 



2 sinh^ 17i sinh^ fit 



'} (1-8) 



and 

f2 -Af/ BSlcoshSt , i?fi sinh i?t ,1 
'''^'''^'-'''^'^^2^^m'' \^-' sinhm 

(1.9) 

It is now straightforward to verify the differential equation l|1.6p . □ 
Corollary A. 3.1 Let H he : 



H ^]^[~dl-dl + n^x^ - 2in{xodi ~ xido) . (1.10) 

The integral kernel of the operator e~*^ is ; 

e''"{x,x')^ —^^-—e-^, (1.11) 

^ ' ' 27rsinhm ^ ^ 

S7 cosh fit, , f2 cosh fit , ^ , , ^ 

A = rr^ix^+x ) ——x-x'-inx/\x'. 1.12) 

2 sinh nt ^ ' sinh Vlt ^ ' 

A. 3. 2 Fermionic x Space Kernel 

The two-dimensional free commutative Fermionic field theory is defined by 
the Lagrangian 

C = i^{x){f + iJL)^{x). (1.13) 

The propagator of the theory (|) + /i) ^ [x, y) can be calculated thanks to the 
usual heat kernel method as 

= {-f + fi) {p'^ + fi^' {x,y) (1.14) 

■e-^-'^^* (1.15) 



°° dt 



lo 47rt 
47rt V 2t 



f^(^-|^)+^)e-^-^-'. (1.16) 
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In the noncommutative case we have to modify the free action, adding a Grosse- 
Wulkenhaar term to implement Langmann-Szabo duaUty. This shall prevent 
ultra-violet infrared mixing in theories with generic interaction of the Gross- 
Neveu type and allow consistent renormaHzation to all orders of perturbation. 
The free action becomes after vulcanization 

Sfree = J S X^)" {x) {f + ^l + VL}) {x) (1.17) 

where x = 28 ^x and = ( „ „ I and a is a color index which takes values 1 





to TV. The corresponding propagator G is diagonal in this color index, so we omit 
it in this sectiorHI. To compute this propagator we write as in the commutative 
case : 



G = {f + n + ni) ^ = {-f + ^i-ni).Q-^, 

Q = (|i + M + (-^ + M - 

= l2<» (p +M + -^2; j + — 7 7 (^Id 

+ — (1.18) 

u 

where L2 — x'^pi — x^po. 

To invert Q we use again the Schwinger trick and obtain : 

Lemma A. 3. 2 We have : 

"^^""^y^ - en Jo sinh(2f]t) ^ ' 

^^^ncot^2nt){:/: - ^) + - fj) - /ij g-z^ntT^^g-tAt^ 

It is also convenient to write G in terms of commutators : 

G{x,y) = / dt \iVtco\h{2Vlt)[p,T^]{x,y) 

St^ Jo ^ 

+n[$,T*] {x,y)-fir\x,y)}e''^^'''°^\-'^^\ (1.20) 

where 

rUx v) = ^ ^-U coth(2nt)(x-y)^+inx/\y (121) 

^ ' sinh(2i]t) ^ ■ ' 

with Q, = ^ and x Ay = x^y^ — x^y^ . 

Proof. The proof follows along the same Hnes than for Lemma lA.S.ll and is given 
in detail in Appendix lA.7l Note that the constant term e"^*^*''' ''' is developped 
in (Ol). □ 



^There is no star product in these formulas, since we reduce quadratic expressions in the 
fields in non-commutative theory to usual integrals with ordinary products. 
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A. 3. 3 Bosonic Kernel in the Matrix Basis 

Let H be as in Lemma [4.3.1^ with ^ ^ and B — > A straightforward 
computation shows that in the matrix basis we have : 

Hm.m+ha+h,l =1(1 + f^^)(2m + h+ l)5^rnj - ^ Sm,l (1.22) 



- -(1 - n^)[^/{m + h + l){m+l) Srn+i.i + Vim + h)m Sm-i.i]- 

Notice that in the Hmiting case fl = B = I the operator becomes diagonal. 

The corresponding propagator in the matrix basis for B — can be found 
in [2^ and [28J. The result is that the only non zero matrix elements of the 
exponential are : 

[e^^"]m.,m+h,l+h,l = (1.23) 



li— max(0, — /i) 



with 



A( , H ^ v/m!(m + fe)m(/ + fe)! 

A(m,l,h,u) = -77- -77- -T— 7, (1.24) 

^ ^ {m - uy.{l ~ uy.{h + u)lu\ ^ ' 



e 



£(m,l,h,u) = z — 7^ . (1.25) 

Having in mind the slicing of the propagators needed to carry out the renor- 
malization (see [41] for the cj)'^ case) , we will use a slightly different representation 
of the propagator : 

^ 9 da , s TT , ^ 

One has then the lemma : 

Lemma A. 3. 3 Let H he given by equation lll.22\} with B — 0. We have : 

min(m,l) „ 

^ ' ■ l + JlNm+i-2« 



u—max {0 . — h) 

£{m,l,h,u) (1.27) 
with A{m,l,h,u) as before, C ~ ; '^''^i 

E(m, I, /i, u) = ' . — • (1-28) 

The proof is given in Appendix I A. 81 below. Extending to the B ^ Q case, we get 
easily the following corollary, useful for studying the Gross-Neveu model : 

Corollary A. 3. 2 Let B j^O. Denote Ho = H\b=o We have : 

[(1 - a)^^%n^„,+h;i+h,i = [(1 - a)^^"%,^,n+h-i+h,i{^ - a)-tf ^ (1.29) 
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A. 3. 4 Fermionic Kernel in the Matrix Basis 

Let L2 = —i{x'^di — x'^do). The inverse of the quadratic form 

A-Q-— 7V + + + — L2 (1.30) 

is given by the previous section : 



(1 — a) "55^ 
m Jo (1 + Ca) 

7n-\-l-\-h 



-L m,m+h;l+hj — / TTTT^ m,m+h;l+h,l ' 



r£l+,„+,u = ) (1 - «)"^ (1-31) 

where A{'m, I, h, u) is given by (|1.24p and C is defined in Lemma [A .3. 31 

The Fermionic propagator G (|1.20p in matrix space can be deduced from 
this kernel. One should simply take B = fl, add the missing 7^7^ term, and 
compute the action of — 11 — 17^ + ^ on F. Hence we have to compute [a;'',F] 
in the matrix basis. It is easy to express the multipHcative operator x'^ in this 
matrix basis. Its commutator with F follows from 

f~6 { 

— Vl + lF„i_„;fe,i + l + Vn+ lF„i_„+i;fe^; — \^^m,n;k-l,l 

+ \/nTm^n-l;k,l - V A: + lFm,„;fc+i,;| , (1.33) 

fo ( 

W '^\m,n-k,l =2l7r6'W - |\/mTTF,„+i^„;fej - VlT„i^n-k,l-l - \/mTm-l.n-k,l 
+ \/l + lF„i,„;fc^; + i - \/n + lF„i,„+i;fe^; + VkTm,n;k-l,l 

+\/nT„i^n-i;kd - + lF„j_„;fc+i_;| . (1-34) 
This leads to the formula for G in matrix space : 

Lemma A. 3. 4 Let Gm,n-k,i be the matrix basis kernel of the operator 
(|) + fi^ + /i) ^ . We have : 

2n 



Gm,n;k,l — '§2^ j ^^^m,n;k,l 



where F" is given by fl.3S^} and the commutators by formulae ^.33\) and \1.34\ )- 
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The first two terms in l|1.35p contain commutators and are grouped together 
under the name G^'™™^. The last term is called G^'™'*^'';. Hence 

GS" = -.rr„„„„x(^l.-,^,V)^ (1.37) 

A.4 NC Gross-Neveu Model in the MB 

The Euclidean two-dimensional Gross-Neveu model is written in terms of N 
pairs of conjugate Grasmmann fields V'",-;/'", a = 1,...N. In the commutative 
case the interaction has the following 'W- vector" form : 

>^(T.rr^ (x). (1.1) 

There are several non-commutative generaHzations of this interaction, de- 
pending on how to put the star product with respect to color and conjugation. 
The most general action involving a vertex with two colors, each present on 
one -ip and one tp takes the form (using cyclicity of the integral trace of star 
products) : 

S = Sfree+ J TlV , i^) , 
a, 6 

-I- AaVJ" ★ ★ * V''' + ★ V''' * V'^ * V'" (1-2) 

where Sfree is defined in (|1.17p . Recall that in the matrix basis the Grasmmann 
fields ^",■0", a — 1, ...N are Grassmann matrices "iAmn, V'mn) a = 1) ...N, 171,12 G 
N. 

In the cases A3 = A4 = 0, there are no non planar tadpole of the type of figure 
lA. II which lead to infrared-ultraviolet mixing in Hence one may superficially 
conclude that there is no need to vulcanize the free action, hence to use (|1.17p . 
However even for A3 = A4 = 0, four point functions lead to "logarithmic" IR/UV 
mixing, hence to "renormalons" effects (large graphs with amplitudes of size n! 
at order n). Since we want anyway to renormalize generic Gross-Neveu actions 
in which A3 7^ or A4 7^ 0, we shall always use the vulcanized free action and 
propagator. 

A proof of the BPHZ renormalization theorem according to the multiscale 
analysis f4T] decomposes into two main steps. First one has to prove bounds on 
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Fig. A.l: The non-planar tadpole 

the sliced propagator ; then using these bounds one has to prove that irrelevant 
operators in the multiscale analysis give rise to convergent sums, and that this 
is also the case for marginal and relevant operators after subtracting a singular 
part of the same form than the original action. 

In this paper we provide the first part of this proof, namely the appropriate 
bounds. The rest of the proof of renormaHzability to all orders of the generic 
model (|1.2p is postponed to a future paper [32j. However we illustrate on a 
particular example below why the bounds of this paper (which are optimal in 
a certain sense) should be sufficient for this task, which is however significantly 
more difficult than the correpsonding task for 4>f. 

The multiscale sHce decomposition is performed as in [41j 

/ da = V / da (1.3) 

Jo Jm-' 



and leads to the following propagator for the i^^ slice : 

- A / (1 - a) sn 2 



G„ 



■k,l 



n 



.:k,l 



2Q 



da G" 



(1.5) 



We split G according to (|1.36p and (|1.37p . and we now bound „ /c zl- We 
define h ~ n — m and p — I — m. By obvious symmetry of the integer indices we 
can assume h> 0, and p > 0, so that the smallest of the four integers m, n, k, I 
is m and the largest is k = m + h + p. The main result of this paper is the 
following bound : 



Theorem A. 4.1 Under the assumed conditions h = n — m ^ andp = l~m ^ 
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the Gross-Neveu propagator in a slice i obeys the bound 

cM^' fu k \2\ 



\G:^^\ ^ KM 



(1 + VkAf^) 

^^-ckM-^-cp\ ^^g^ 



for some (large) constant K and (small) constant c which depend only on ft. 
Furthermore the part with the mass term has a slightly different bound : 



|g,i,mass I ^ XM~^ I l + kM-' 1 + fc v'' 1+C > _^ ^-ckM-'-cp 

V 1 + VkM-^ 



m.n: 



(1.7) 



The rest of the paper is devoted to the proof of this theorem. We give this 
proof only for i 3> 1, the "first slices" being unimportant for renormaHzation. 

In the rest of this section we indicate how this bound leads to efficient power 
counting estimates for renormalization. 

Recall first that for any non-commutative Feynman graph G we can define 
the genus of the graph, called g and the number of faces "broken by external 
legs", called B as in [29t I41j. We have <? > and B > 1. The power counting 
established for (pl in [291 SI] involves the superficial degree of divergence of a 
graph 

iuiG) = {2-N/2)-4g-2{B^l) , (1.8) 

and it is positive only for N = 2 and iV = 4 subgraphs with g = and B = 1. 
These are the only non-vacuum graphs that have to be renormalized. We expect 
the same conclusion for the two-dimensional Gross-Neveu model, since this holds 
for the commutative counterpart of these models. 

Let us sketch now why the multislice analysis based on bound l|A.4.1|) proves 
that a graph with internal propagators in slice i >> 1 and external legs in slice 1 
with TV > 6 or iV = 4 and g > 1 does not require renormalization. First remark 
that the second term in bound (|A.4.1|) gives exactly the same decay proved in 
[41] . The 0(1) decay in p means that the model is quasi- local in the sense of 
[28j . Hence all indices except those of independent faces cost 0(1) to sum. Each 
main "face index" is summed with the scale decay kM^^, hence each face sum 
costs in two dimensions. Combined with the M~*/^ scaling factors of the 
propagators in l|A.4.ip one recovers the usual power counting in uj. 

Hence let us concentrate on the more difficult case of the first part of bound 
l|A.4.ip . and for instance consider the "sunset" graph G of Figure [AT2] 

When the scales of the three internal lines are roughly identical, this graph 
should be renormalized as a two-point subgraph and nothing particularly new 
happens. But something new occurs when the two exterior fines have scales 
i >> 1 and the interior line has scale 1 (like the external legs), as shown on 
the figure. In the usual multiscale analysis we do not have a divergent two point 
subgraph in the traditional sense. The subgraph made of the two external fines is 
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Fig. A.2: The Sunset Graph 



"dangerous", i.e. has all internal scales above all external ones. But this graph has 
iV = 4 and g — 0, B = 2, and it should not and in fact cannot be renormalized. 
However applying bound l|1.6p the sum over i diverges logarithmically ! Indeed 
the sums over the p indices cost only 0(1) as usual for a quasi-matrix model, 
but the two internal faces sums, together with their Hues prefactor give 



k.5h=0 



,-{Shf/k 

l + Vk 



= 0(1). 



(1.9) 



What is the solution to this riddle ? In this case it is the full two-point sub- 
graph G which has to be renormalized. This works because the renormalization 
improvement brings modified "composite propagators" solely on the exterior face 
of the graph These improved propagators have scale i, hence they bring a 
factor M~\ and the sum over i converges. 

One has to generalize this argument, and show that all the counterterms are 
of the right form to complete the BPHZ theorem for this kind of models p2]. 
In short all dangerous subgraphs with N = 2,4, g = 0, B = 1, and N = A, 
5 = 0, B = 2 should be renormalized, the last ones being renormalized by 
the corresponding two-point function counterterms. This subtlety makes the 
multislice formulation of renormalization in the non-commutative Gross-Neveu 
model more complcated than in the non-commutative 



A. 5 Proof of The Main Theorem 



We cast the propagator for B = ft in the following form : 

r = 

with : 



1 (l-a)-i/2 
1 + Ca 



\/l - Q;\2m+p 

l + Ca 



1 f^/ aycj 



VC(l + C)\2m+p-2. 



(1.1) 

'1 

(1.2) 
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We have : 

T^a^^i2m+p)ln^-hMl+Ca) ^ ^^2v+p)ln ^^^^1 

(1.3) 

We consider the regime a <C C <C 1 hence we Hmit ourselves as usually to a 
parameter Q close to 1. We use Stirling's formula to write : 

^ , , ((2^y'k(k - h)(k - p)ik - - p))'^' 

o^v^-h-p Vi'^^)Mv+p){k -v-h-p){k-v-p) 

with : 



/ = (2fc-2/i-p)ln^^^^-/iln(l + Ca) + (2f +p)ln^^^-^S^ 
1 + Ca — a 

k—h — p^ , , k — h^ k—p, , 

+ ^ ln(fc -h-p) + ln(fc -h) + ln(fc - p) 

k 

+— Infc — t;lnt; — {v + p) ln(t) + p) — (/c — — p) ln(fc — — p) 

— {k — v — h — p)hi{k — v — h — p). (1.5) 

We define the reduced variables x = v/k, y — h/k, z — p/k. These parameters 
live in the compact simplex Q^x,y,z^l,Q^x + y + z^l.\\\ our propagator 
bound we can replace the Riemann sum over v with the integral. Since we have 
a bounded function on a compact interval, this is a rigorous upper bound (up 
to some inessential overall constant) for k large, which is the case of interest : 

Jo [x{x + z){l-x- z)(l-x-y- z)Yi^ 

with the function g defined by : 



g = (2-2y-z)\r.^{^ + {2x + z)\u^^^^-yHl + Ca) 

1 + La V 1 — a 

+ ln(l -y) + ln(l - z) + ^— |— ^ ln(l - y ~ z) 

—x In X — {x + z) hi{x + 2:) — (1 — a; — z) ln(l — a; — 2) 
-(l-a;-y-2;)ln(l-a;-2/-2;). (1.7) 

The differential is 

dg = ,J,^-'Cil + C)il-x-z)il-x-y-zn 

1 il-a)xix + z) J ^ ^ 

+.Jln i^ + Ca)il-.r-p-z) \ 



+dz < In 



(l-a)V(l-y)(l-2/-^) j 
a^^C{l + C){l + Ca){l -X- z){l - x - y - z) 
{l-a){x + z)^{l-z){l-y^ 
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The second derivatives are 



d^g 1 1 1 1 



dx'^ X X + z 1 — X — z 1 — X — y ■ 

d^g 1 1 1 



+ 



%2 2{l-y) ' 2{l-y-z) 1 - x - y - z' 

d'^g 1 111 1 



dz"^ 2(1 — z) 2(1 — y — z) x + z 1 — x — z 1 — x — y — z 

d'g 1 



dxdy 1 — x — y — z 

d'^g 1 1 1 



dxdz X + z 1 — X — z 1 — X — y — z' 

d'^g _ 1 1 

dydz 2(1 — y — z) 1 — x — y — z' 

Lemma A. 5.1 The function g is concave in the simplex. 



(1.9) 



Proof We have to prove that the quadratic form —Q defined by tiic 3 by 3 
symmetric matrix of the second derivatives is negative in the whole simplex. In 
others words we should prove that the oppposite quadratic form 

Q = [- + + + ]u 

X x+z 1—x—z 1—x—y—z 

r 1 1 1 . 2 

h-x-y-z 2(1-2/) 2il-y-zy'' 

1 1 1 1 1 2 

^ ^x + z^l-x-z^l-x-y-z 2{l-z) 2{1 -y-zy^ 

2 2 2 2 

+ uv + [ h h ]uw 

1—x—y—z x+z 1—x—z 1—x—y—z 

2 1, , ^ 

]vw (1.10) 



1 — x — y — z 1 — y — z 
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is positive. But we have 
{u + v + w)^ 



Q = 



{x + z){l-x-z) X 2(1 -y) 2(1 -y-^) 



> 



1 — X — y — z 

{u + v + w)"^ {u + wY {v + wY 

1-x-y-z 2{x + z) '^2x~ 2(1 - y) ~ 2(1 - y - 2;) 
l/'Hu + v + wY [u + wY 

2 



1 — X — y ~ z 1— ?/ x + z 
{u + v + wY {v + wY 



+ 



1 



x-y 



u 

- + — 

z x 



1-2/ 
1 



1 — x — y — z 



1-2/ 
{u + v -\-w) + 



I- x-y 



x + z 



'-{u + w) 



1-2/ 
> 0. 



1 — a: — y — 2; 



{u + v + w) + 



1 — x — y — z 



(1.11) 

□ 



Lemma A. 5. 2 The only critical point of the function in the closed simplex is 



at xq 



Ca 



1+Ca' 2/" ~ IJ-C 

Proof One can easily check that : 

g{xo,yo,0) = d^g{xo,yo,0) = dyg{xo,yo,0) = d;,g{xo,yo,0) = 0. 
The unicity follows from the concavity of the function g. 



z = 0, where the function g = 0. 



(1.12) 

□ 



Our bound on g will be inspired by the steepest descent method around the 

critical point. Wc divido now the simplex into : 

- the neighborhood of the maximum. We call this region the "mountain top". 
It corresponds to 6x = \x — xo\ <^ a, 6y = \y — yo\ -C 0(1), z <^ a. For 
aesthetic reasons we prefer to use a reference quadratic form Qo to define 
a smooth border of this region. Hence putting X = {6x, dy, z) we define 
the mountain top by the condition 



(1.13) 



where is a small constant, 
- the rest of the simplex. This region is defined by XQq *X > rj. 

A. 5.1 The "Mountain Top" 

In this region we use the Hessian approximation and check that the cubic 
correction terms are small with respect to this leading order. 
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Lemma A. 5. 3 In the mountain top region, for some small constant c (which 
may depend on C , hence on fl) : 

g(X) < -caXQ, 'X = -ca[^M!±f! + ^Sy)^] (1.14) 

Proof >From l|1.15p we evaluate the second order derivatives of g at leading 
order in a at the maximum : 

d^g ^ 2 d'^g 1 

dx'^ aC' dxdz aC^ 

d^g 1 d^g 1 + C 



dz"^ aC" dxdy C 

1 + C d^g ^ 1 + C 

^2/2 ~ C ' dydz ~ " 2C ■ 



(1.15) 



It is easy to diagonalize the corresponding 3 by 3 quadratic form, and to 
check that in the neighborhood of the maximum it is smaller than —caQo for 
some small constant c : 



/ (5x) + z 

QHessianiSx, Sy, z) = XQjj^^^i^JX < -acXQ^ *X = -ac[ 2 ^ i^v) 

V a 

(1.16) 

where gnessian is the Hessian approximation to the function g. It is easy to check 
from the expression l|1.8p of the differential dg that the third order derivatives 
scale in the appropriate way so that choosing the constant 77 small enough in 
l|1.13p , the function g obeys the same bound than (|1.16p with a slightly different 
constant c. □ 



A.5.2 The Rest of the Simplex 

To bound the function g in the whole simplex we use the previous nota- 
tion X = {5x,6y,z). Drawing the segment from point X to the origin (i.e. the 
mountain top), we cross the border of the mountain top at Xq — \X with 
XqQ^^Xq = T]. We define Xi — Xq/2 = {\/2)X. X out of the mountain top 
means that A — \J -q/XQ^ *X ^ 1. 

Lemma A. 5. 4 Out of the mountain top region the function g{X) = g{5x, 5y, z) 
obeys the bound, for some small enough constant c : 

g{Sx, Sy, z) ^ — c(q + \5x\ + z). (1-1'') 

Proof We use concavity of the function on the segment considered, which means 
that the function g is below its first order Taylor approximation at Xi : 

g{X)^g{Xi) + {dg{Xi),X~Xi). (1.18) 

At Xi the Hessian approximation of g is valid, say up to a factor 2. Hence 

g{X) ^ {l/2)[X^QHess^anXl + 2{X - Xi)g^_*Xi]. (1.19) 
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Using (|1.16p we can relate Qnessian to our reference quadratic form Qq up to a 
constant and get for some small c : 

g(X) ^ -ca[XiQo% + 2(X - Xi)Qo*Xi] 
= -ca[(77/4) + A(l - X/2)XQ„'X] 



= ~c'a[l + ^XQ„*X] (1.20) 

for some constant c' smaller than c. In the last line we used 1 — A/2 ^1/2 and 
A = ^ri/XQo^X. Finally 

a^XQ^X > y/{6xy +z^^ {\Sx\ + z)/V2 (1.21) 
completes the proof of (|1.17p . □ 



A. 5. 3 Integration on x 

It remains now to prove some explicit decay of the function G in the variable 
z after integration in x in l|1.6p . The decay in z is necessary to prove that the 
model is a quasi-local matrix model in the sense of [27] • For the mountain top 
region, we do not have any decay in k so we want also to exhibit the decay in 

y- 

Lemma A. 5. 5 For some large constant K and small constant c, under the 
condition ak > 1 we have 

r" ^ k(^''''^^~^^^ ~ ^^'^^ + e--"^--pj. (1.22) 

Proof In the integration on x in (|1.6p we can insert 1 = X + (1 — x) where x 
is the characteristic function of the mountain top. In the first term we apply 
the bound (|1.14p and in the second the bound (|1.17p . In this second case we 
use a better estimation of the prefactors in front of e^^ in (|1.6p . Actually their 
expression in l|1.6p leads to a spurious logarithmic divergence due to the bad 
behaviour of the Stirhng approximation close to 0. We will use 

X\/^mn"e-" s$ n! < i^'V^n^e"", (1.23) 



wich leads to an integral of the type 



dx 



l/k 



^-ckx ^ ^ 



dx 



— ckx 



l/k 



(1.24) 



which is bounded by a constant. Scaling back to the original variables completes 
the proof of Lemma fA.S.Sl □ 
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A,5.4 The Region ak ^ 1 

In this region we do not need Stirling's formula at all. It is easier to derive 
a direct simple bound on m+h-k m+p (recall that k — m + h + p) : 

Lemma A. 5. 6 For M large enough and ak < 1, there exists constants K and 
c such that 

Proof. We assume ft. ^ and p ^ 0. For ak ^ 1, the following crude bound on 
F" follows easily from l|1.2p : 



r" ^ -a{C+l/2){2m+p)-{C/2)ahSr^ £ 

m,m+h;k,m+p ^ / ^ ( M / i M 

' ^ ' ' [m — uy. (m + p — u)\ 



where X 



= + and Y = °^^+^' ^(m + p){m +p + h). 



pa ^ -a{C+l/2){2m+p)-{C/2)ah 

m,m+h,l+h,l ^ ^ 



, aky/C{C+l) ^p „ / afc^C(C+l) N 2(m-ti) 

^ ^ E 12 (1-27) 



ti=0 ^ ^ 



The sum over u is bounded by a constant. For C small (i.e. close to 1) we 
have certainly ^1/2 hence we get the desired result. □ 

Combining with (|1.22p we conclude that Lemma [A . 5 . 5 1 al wavs holds : 
Lemma A. 5. 7 For some large constant K and small constant c we have 

pQ ^ j^l 1+ak^ V 1+C ■> '> _^ ^-cak-cp \ q 

A. 5. 5 Numerator Terms 

In this section we check that the numerators in the Gross-Neveu propaga- 
tor bring the missing power counting factors, hence we complete the proof of 
Theorem IA.4.11 

The bound (|1.7p is nothing but the direct consequence of multiplying the 
bound of Lemma [A. 5. 71 by the width M~* of the integration interval over a. 
Hence we now prove l|1.6p . 



In the commutator terms l|1.36p the and the z ^^°_^ 7°7"^ are smaller by 
at least an a factor. Therefore the largest piece is the 0(1/q;)[5;, F] term. The 
1 1 alpha factor compensates the width M~* of the integration interval over a. 
Hence we need to prove that a [x, F] numerator adds a factor ^/a to the bound 
of Lemma IA.5.71 : 

The Vl and the i^^^==7°7^ terms in (|1.36p have an additional factor a, 
hence are much easier to bound and left to the reader. The bound for the mass 
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term /iF just involves multpliying the bound of Lemma FA . 5 . 71 bv the appropriate 
weight coming from the a integration, which leads easily to l|1.7p . 
The commutator [^,r] involves terms like 

VrnTlTm+l,n;k.l " VlT 

77i,n;/c,/— 1 

= (y-m+l - Vtj Tm,n-k,l-l + Vm+1 (Tm+l,n-k,l - Tm,n-k,l-l) ■ (1-29) 

The first term 

The first term is the easiest to bound. It is zero unless p = I — m — 1 ^ 1. In 
this case, we have 

\^7TT- VI s$ (1.30) 
1 + VI 

Using Lemma [A .5. 81 : 

- On the mountain top we have I — k — h ~ j^k, hence =^ 0(1) 

An additional factor a comes from (|1.3ip . hence we have a bound in 
0(1) 

1 • Using a fraction of the decay e '^"^ from Lemma | A.5.7 | 
bouinds 0{1)y^ by y/a. 

- Out of the mountain top we have a factor a^/kl which comes from (|1.32p , 
and we can use pe'^^ ^ e^^ ^' and ^/ake^'^°'^ ^ e"^ Hence the desired 
factor V« is obtained. 

It remains to prove 

Lemma A. 5. 8 Let (m, I, h) € F'^ with p = l — m— 1^1. We have 

- On the mountain top 

^ m.7n+h:k,m+p ^ ^^^7n.m-\-h;m-\-p—l-\-h,m+p—lj (-^•^-^) 

-ifT is out the mountain top region 

rm,m+/i;fc,m+p ^ ^^^/~kl^ rn.va+h-^m+p—l + h^m+p—l- (1.32) 

Proof. Let p^ 1. The kernel Tm,m+h;m+p+h,m+p is given by 



^m,m+h;m+p+h,m+p — [ ^ ^ (Jq^ > ~^ 



-h 



1 + 

^(a£i)2('"-")+M(m,m+p,/i,u) (1.33) 



with A defined by ifOi)) and D{a) - ■ / ^i^±^ 
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The scaling factor (aD)^^™ reaches its maximum at u = to. There we 

have a factor {aD)P. For p ^ 1, we factorize aD to get 



^m,m+h;m+p+h,m+p =aD ( _|_ j (1 + C'o^) 

m 

^(aD)2(™-")+P-M(TO, TO + p, /i, u). (1.34) 

Using ( ™+P ) = ^5±?^( ) and = I!i±P±/i we have 

/ /Tj \ 27n+p— 1 m 

^ ^ ti— 



, . \/(m + p)(m + p + h) 
m + p ^ u 



On the "mountain top" we express to + p — m in term of k and get 

1 11 



m + p — u k — u 1 — 



(1.35) 



(1.36) 



Moreover m ~ afc and {k — u) ^ ~ fc ^, which leads to (|1.3ip . 
Out of the mountain top we use simply to + p — u ^ 1 and 
{m + p){m + p + h) = Vkl, and ifOS)) follows. □ 

The second term 

We now focus on the terms involving differences of F's. For this we need 
some identities on the combinatorial factor A : 



A{m, I, h, u) = A{m - 1, ; - 1, /i + 1, u - 1), for u ^ 1, (1-37) 



Aim, I, h, u) ^ V^"^^'^ - 1, 1, h, u), (1.38) 



\/ni{m + K)l{l + K) , , , . ^ , 

Aim, I, h, u) = ^ , ' Aim - 1, Z - 1, /i, u).. 1.39 

(to — — u) 

Let us recall h = n — (to + 1) and p = Z — (to + 1). Then Tm+i.n:k,i = 

^m+l,m+l+h;l+h,l and Tm,n;kd~-1 = m,m+h+l-l+h,l-l ■ 

Using Lemma l|A.5.9P we get : 



Vr«n (r„+i,„;fc,i - r,„,„;fej_i) i^V^r", (i.4o) 

on the mountain top by l|1.48p and the sequel, as well as out of the critical region 
by (|1.50p . The factors thus obtained together with Lemma l|A.5.7P complete the 
proof of (|AXT|) . 
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Lemma A. 5. 9 For M large enough and ft close enough to 1, there exist K 
such that 

Gm,n;kA ^ -f'^Var",_i „.fc_i ;_2- (1-41) 

Proof. It remains to bound the second term in (|1.29p . 

namely ^/rnTT {T,n+i,n;k,i 



^m+l,m+l+h;l+h,l — ^m,m+h+lU+h,l-l (1-42) 
/ n. \ m+l+; m+1 



\l + Ca 



«i=0 

m+l—l m 

(1 + Ca)-^-^ J2 («£')"+'^^~^"'-4(m2; TO, l,h+ 1). 

«2=0 



Thus we conclude, again up to boundary terms (treated in Subsection lA.5.5l 
below) 

+ h,l — ^rn.m+h+l-l+h,l-l (1-43) 
/- V m+/+l m+1 

€ I ^-p^ j (1 + Cay" {aDr+^+'-^^'A{ui;m + 1, 1, h) 

M2=0 

Let ui = ti + 1. Thanks to l|1.37p we write the sum over u\ as 

m + 1 

^ (ai:')'"+i+'-2"M(ui; TO + 1, 1, h) 



l,m4 


-1 + h: 


Vi 


— a 


,1 + 


Ca 


VI 


— a 


1 + 


Ca 



-- ^{aZ))™+'-i-2M(u; mj^l,h+ 1) ^^^"' + ^^ (1.44) 

U=0 



The difference in (|1.43p is now written as 

m+/— 1 m 



P - (y^^ ) (1 + C«)-''-l ^(ai?)™+'-l-2-^(w; m,l-l,h+l) 



(1.45) 



VK^+I) _ -I _ „, i+c VK^+i) 
1 + Cq ti+1 



The factor between braces is expressed as | m+i'^ ~ ~ 1 ~ Qfii 

The scaling factor (a-D)'"^'^^^^" is maximum for u = m where it reaches 
{aD)P. We can consider up to bondary terms that the it-sum goes only up to 
TO — 1. We can factorize and prove that the remaining terms are smaller than 
1/a on the "mountain top" or k outside this critical region. 
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For the u-sum, with u running only to to — 1 we have : 

y ^ m + l—1 m— 1 



u=0 



^l{m + l) _ ^ 1 + g y/l{m+l) 
u + 1 "l + Ca u+1 



(1.46) 



m+/— 3 



1 + 

J2 iaD)"'+^-^-^"A{u] m-l,l-2,h+l) 



m— 1 

X 

M=0 



Jm{m + h+l){l-l){l + h) Jl{m+1) ^ Jl{m + 1) 

7 771 \ ^ 1 ^ 

(m — u)(t — 1 — m) I m+1 u+1 



m— 1 



=K r(u, m-l,l~2,h+ l)E{u, to, I, h) (1.47) 

n=0 

where ci = and 

i?(u, TO, /i) = a'^ 



2 ^J'm{m + h+ - + h) 



(m -u){l-l- u){u + 1)(1 + Ca) 
{(1 - a)^/l{m+l) - (1 + Ca)(M + 1)} . 

Once more the subsequent procedure depends on the value of the indices in 
the configuration space N'^. If they stand on the mountain top, we pass to the 
variables x = v/k = Ca/{1 + Ca) + 5x, y = h + 1/k = 1/(1 + C) + Sy, 
z = p/k = Sz. We can assume ak ^ 1 and we can evaluate E as : 



E < 0(1)[(1 - a) V(l -y)il-y-z)-{l + Ca){l -x-y-z)] + 0(l/fc) 
< 0{\ady\ + \Sx\ + \Sz\) + 0{l/k) (1.48) 

The rest of the sum recontstructs the usual mountain bound of lemma IA.5.71 
Using the Hessian estimates Sy ~ 1/Vak, (5x ~ iJz ~ Vak, the E correction 
simply provides an additional factor y/a/k to the estimate of Lemma IA.5.71 
Adding the ^/m ^ y/k factor we recover the desired ^/a factor. 
If the indices are outside the critical region, 

^ . ^ 2p ( Vmim + h + l)il-l){l + h) 

V !^ Ka T,n-i,m+h-i+h-i,i-2 max — (1.49) 

ii^m-l \ {m - u){l - 1 - u) 



\l-l-u Jl{m + 1) \ 2 , I P' 

X < — Cia — > < Ka rm-l,m+h;l+h-l.l-2 K\/ H 

lu+1 u + 1 \ I \ m 

nATTTp sC i^^/^e""(^+"'') (1.50) 

This is a better bound. □ 
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Boundary Terms 

For purists we add the treatement of the boounary terms, and show that 
they do not perturb the previous computations. We start with the wi = term 
in ifOSl) . We have : 

m+l+i 



O = f ) (1 + Ca)-''(aD)™+i+U(0; to + 1, Z, h) 





— a 


1 + 


Ca 


VI 


— a 


1 + 


Ca 



m + 1 + h\ fl + h 

TO + 1 



X maxe"T"'»ii±^l!^! (1.51) 

vn 



L>V2' 



m+l+i 



<Q,(m+l+;)/2 ( -^^^ ) ^-a(C+l/2-^)im.+l+l)-^ah 

Then V^nTTO Ky^e-''^°'''+P^ which is the desired result. 



We now study the u — m term in l|1.45p and prove that it obeys (|1.4ip : 



X = (yT^ ^ ^ Ca)-''-i(ai?)M(m; m, ^ - 1, /i + 1) 



\ 1 + Ca / TO + 1 



^IvE^+H 1 l + C v/;(m + i) 



TO+1 1 + Ca v TO+1 

=^ Ji^rni X \ — + a \ . (1.53) 

1^ TO + 1 J 

Remark that the u = m term is not on the mountain top so that for the function 
^m,m+h+i;i+h,i-i appearing in the equations l|1.53p we use the bounds outside 
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the mountain top region. Then we have to treat two different cases according 
to the value of afc. If ak ^ 1, thanks to l|1.26p 











r P 












[771+1 





I —^KA^ I {rn + p){m + 1 + p + h) f ak\^~^ _ , 

V 771+1 V 2 / 



+ avm+Te 



— cak — c'p 



«C ( apVkJl + — ^ + ) e-'=(P+"'=) =^ Ky^e-''''P+°'''l (1.54) 



If afc ^ 1, 



V^^TTTX ( , ^ + ) e-'=(P+"'=' s; ii:v^e-5(P+"'=). (1.55) 

V \/77l +1 / 



A. 6 The ordinary B=0 bound 

In this section we use the above analysis to revisit the bounds on the 01 
propagator given in [H]. By convention the indices of the (j)'^ propagator are 
two-dimensionnal indices. Using obvious notations 

r'f'^ - ^» (1 -g)^ ^a,^- , . 

^m,m+hd+h,l ~ j-^ ^ (^q,~)2 ^m,m+ft;/+7i,i ' K'--'-) 

^m',tn+/i;;+7i,i — r^,m+7i;;+/i,i (1 ^ ")'*^^ ^ ,„_,_/j.;_|_,j ; e 2. (1.2) 

We have then the following result (recaUing p — I — m) 

Theorem A. 6.1 The 0| propagator in a slice obeys the hound 

GL,„^fe,, < KM-^ min (1, {akf) e--("'=+f) (1.3) 

for some (large) constant K and (small) constant c which depend only on Vl. 

Proof. In this context the analysis of Lemmas IA.5.61 and IA.5.71 leads to the 
modified bound 

/exp{-^p2 _ ca_n^ _ -r^f} 
^ y ak 

+ min(l,(afc)P)e-"("''+f)y (1.4) 
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The second term is already of the desired form in l|1.3p . Moreover 



2 

ca 



exp (^/, - TTc) - t| ^ {"TTc"^ - {I - iTc, 

(1.5) 

Then choosing c small enough, the first term in (|1.4p is bounded by 

K exp \ —cak rPi ^ -f^exp \ — ak — c\/2pl ■ (1-6) 

L ak J 12 J 

This completes the proof. □ 

Remark that in contrast with the Gross-Neveu case, the (j)'^ propagator has no 
critical point in index space. The bound is the same for all (m, Z, h) £ and 
looks like the bound l|1.17p . Note also that the bound (|1.3p allows to recover the 
propositions 1, 2, 3 and 4 of [41] in a very direct manner. 

A. 7 Fermionic Kernel 

Let us compute first 



poo 

Jo 



0-,,! 



Ott Jo sinh(2m) 



def 

071 



oo 







TUx v) = ^ ^-^ coth(2m(x-yf+inx/\y q -j^n 

^ ' sinh(2m) ^ ' ^ 

with ^2 = ^ and x Ay = x°y^ - s^y". 

We only have to check that e"*'^ is a solution of 

f + gp^o. (1.2) 

The constant is fixed by the requirement that in the limit O ^ 0, Q^^ goes to 
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the usual heat kernel. 

^pt g-S coth(2at)(a:-y)^+ina:Ay 



dt sinh(2f]t) 

/ 2iicosh(2m) n'^ 



\ sinh(21]t) sinh^(2m) 

coth{2flt)(x-y)^-inx-y , 

= . (-ficoth(2f7i)(a;-?;)''-2fl2/'' 

sinh(2ili) ^ 



Ar* 



coth(2i2t)(a:-a)''-j02;-y 
: X 

sinh(2f7f) 

-2ficoth(2m) + (~ncoth{2nt){x - yY - i^y'" 



-2r2 coth(2m) + coth^ (2rJt) (x - y)^ 

sinh(2r2i) ^ 
-n'^f + 2ifii7 coth(2m)a; • . (1.3) 

The operator L2 — x^pi — x^po = —ix^di + ix^do acting on F* gives : 



= -i- 



X 







(^-ncoth{2nt){x - yY - iny^^ 



sinh(2m) 



sinh(2m) 

^-^ coth{2nt){x-y)^-inx-y 

sinh(2m) 



(^i coth(2fii)Oa; ■ y - Clx ■ (1-4) 



. coth{2nt){x-yy-inx-y , 

'A + 2Q.L2 + Vl?x^]Y = — '- . ( 2VL colh(2VLt) 

/ sinh(217t) V 

-h^ coth^(2f^i)(a: - yY + f^^y^ - 2i^in col\v{2ht)x ■ y 
+2%nn coth{2nt)x ■ y - 2n'^x ■ y + Cl'^x'^^ 



coth{2nt){x~y)''~inx-y q2 

^ ^ (2»coth(2m)- . ,2.^r,J ^~yf) (i-s) 

With the /i^ and 7^7^ terms, eq. (|1.2p is satisfied. 



For the full propagator it remains to compute e 21^*7 7 ^^^^ action of 



(— 1> + /i — ri^) on e 



e 



tQ 

„to ^ (2n+l)! ^ 

= cosh(2fii)l2 - «sinh(2m)7°7^ (1.6) 
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With the convention p = —i$ we have = ij'^di, and 



sinh(2fif) 

which completes the proof of the Lemma 



flcoth{2n -t){x-y)^-iny^). (1.7) 



A. 8 Matrix basis Kernel 



We will restrict our attention to the case h> 0. We see that : 



lim £ = SmuSiu ^ (1 - a) ^""\a=o = I 

a— »0 



(1.1) 



SO that we have the correct normalization. One must now only check the diffe- 
rential equation : 



1 - a) — {I - a)—i" + —H(l - a wi^ = 0. 
da ail 

A straightforward computation yields the result : 

mm(m,/) 



(1.2) 



1 _|_ fix m+i-2u 



{I - a)-^[{l - a)^"]m,m+h;i+h,i = ^ ^(m, /i, u) (c^^) 
{2m + h + l){- + C- — - m-w 1 + + C- — 



Ca 

'1 — a ^ 1 — a 
~+ 

We will treat the last term in the above sum. Using the equality : 



(1.3) 



{I — u)A{m,l,h,u) = A{m,l,h,u + 1) X 
-{m+l){m + h+l) 



-{2m + h + l) + {m-u-l) (1.4) 



m — u 

and changing the dummy variable from u to v = u + 1, the term rewrites as : 

-<2/' i+n\2 



aC'i^y r(m + l){m + h+l) 



1 + Ca ^ L m + 1 — w 

V 

1 + ^^m+l-1v 



(2m + /i + 1) + (m - u) 



C- — £{m,l,h,v). (1.5) 
Couphng the identical terms in the two sums we get the coefficients of : 



m — (— 1) 



a 1 + Ca 1 + Ca 



2 40 

1 + Ca 



a 



(1.6) 
(1.7) 
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The complete sum is then : 

1 + ri\m+!-2« 



(^C J— ^ j A{m, I, h, u)£{m, I, h, u) x (1.8) 

U 

1 + 02 1 + Ca {m+l){m + h + l)aC^i^)^ 



(2m + /i + l)— — (m-u) 



40 a m+l-u 1 + Ca 

Using 

(m. — u)A{m,l,h,u) = \J m(m + K)A{jn — 1, Z, /i, u), (1.9) 

(to + 1)(to + /l + 1) ,, , , , /7 -T-T ; TT , , , X 

, , ^ ^^(to,/,/i,u) = V(to+1)(to + /i+1)>1(to + 1,/,/i,u), 

(to + 1 — t;) 

one can cast the result into the form : 

-(1 - a)^[(l - = (1-10) 

^^^^(2to + /i + 1)[(1 - a)^^]„,„+h;i+M 



I 

+ 1 



V(m + 1)(to + /i + 1)<^YT§^^^ ~ a)^^]„^+i,„+i+,,;;+,,,,. (1.11) 



On the other hand : 



d 1 + O^ 

^-ffm,m+/(;p+/i,p = ^^"^ + + l)'^n 

1-02 



[\/(to + /l + 1)(to + 1) (5m+i,p + \/(to + /i)to 5 

] (1-12) 



40 

and the differential equation is checked 
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In this paper we provide a new proof that the Grosse-Wulkenhaar non- 
commutative scalar $| theory is renormalizable to all orders in perturbation 
theory, and extend it to more general models with covariant derivatives. Our 
proof relies solely on a multiscale analysis in x space. We think this proof is 
simpler and could be more adapted to the future study of these theories (in 
particular at the non-perturbative or constructive level). 

B.l Introduction 

In this paper we recover the proof of perturbative renormalizability of non- 
commutative $4 field theory [23 [291 [41] by a method solely based on x space. In 
this way we avoid completely the sometimes tedious use of the matrix basis and 
of the associated special functions of |27 [ [29 1 141]. We also extend the correspon- 
ding BPHZ theorem to the more general complex Langmann-Szabo-Zarembo 
(p -k -k Cp -k model with covariant derivatives, hereafter called the LSZ model. 
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This model has a sHghtly more compHcated propagator, and is exactly solvable 
in a certain limit [491. 




Our method builds upon previous work of Filk and Chepelev-Roiban 117(150). 
These works however remained inconclusive p4], since these authors used the 
right interaction but not the right propagator, hence the problem of ultravio- 
let/infrared mixing prevented them from obtaining a finite renormalized per- 
turbation series. The Grosse Wulkenhaar breakthrough was to realize that the 
right propagator in non-commutative field theory is not the ordinary commu- 
tative propagator, but has to be modified to obey Langmann-Szabo duality 



Non-commutative field theories (for a general review see [25j) deserve a tho- 
rough and systematic investigation. Indeed they may be relevant for physics 
beyond the standard model. They are certainly effective models for certain li- 
mits of string theory [2Ql[ll]. Also they form almost certainly the correct frame- 
work for a microscopic ab initio understanding of the quantum Hall effect which 
is currently lacking. We think that x space-methods are probably more power- 
ful for the future systematic study of the noncommutative Langmann-Szabo 
covariant field theories. 

Fermionic theories such as the two dimensional Gross-Neveu model can be 
shown to be renormalizable to all orders in their Langmann-Szabo covariant 
versions, using either the matrix basis or the direct space version developed 
here [32]. However the x-space version seems the most promising for a complete 
non perturbative construction, using Pauli's principle to controll the apparent 
(fake) divergences of perturbation theory. In the case of (pj^ , recall that although 
the commutative version is until now fatally fiawed due to the famous Landau 
ghost, there is some hope that the non-commutative field theory treated at the 
perturbative level in this paper may also exist at the constructive level |37l US] ■ 
Again the x-space formalism is probably better than the matrix basis for a 
rigorous investigation of this question. 

In the first section of this paper we estabHsh the x-space power counting 
of the theory using the Mehler kernel form of the propagator in direct space 
given in [36]. In the second section we prove that the divergent subgraphs can 
be renormalized by counterterms of the form of the initial Lagrangian. The LSZ 
models are treated in the Appendix. 




[291 [30]. 
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B.2 Power Counting in Space 

B.2.1 Model, Notations 

The simplest noncommutative (/?| theory is defined on equipped with the 
associative and noncommutative Moyal product 

(a * b){x) = J ^ J d^y aix+^0-k) b{x+y) e"=-^ . (2.1) 

The renormaUzable action functional introduced in |29j is 

// 1 1 A N 

(£^(/7)*(i^(^) + -Ai^V7*(p + ^(p*(^*(^*(^j(a;) , 

(2.2) 

where a;^ — 2(9 ^)fi^x'^ and the Euclidean metric is used. 
In four dimensional x-space the propagator is |36) 

C(x,x')^- TTT^e 2 (X +x ) CTTiTf^^ Mo« (2.3) 

^ ^ [27rsinhm]2 ^ ' 

and the (cyclically invariant) vertex is 

V{xi,X2,X3,X4) = S{xi -X2+X3 -a;4)e'^i<-<^<4(-i)'+''^'^'«"'^j (2.4) 

where we not^ x9~^y = 1(2^12/2 - 2^22/1 + 2:32/4 - 2;4y3)- 

The main result of this paper is a new proof in configuration space of 



Theorem B.2.1 The theory defined by the action If 2. 2\) is renormaUzable to all 
orders of perturbation theory. 

Let G be an arbitrary connected graph. The amplitude associated with this 
graph is (with selfexplaining notations) : 



v,i=l,...4 I 

n [S{x,,i - x„,2 + x,,3 - a;,,4)e'^-<^-(-i)'^'^'"-''"'"-^] (2.5) 

V 

^ [27rsinh(m0]^ 

For each line / of the graph joining positions x^n^i) and a;i,/ ^/(j), we choose 
an orientation and we define the "short" variable ui = x^ni) — x^/ ^/(j) and the 
"long" variable vi = 2:„ j(;) +Xyi ii(iy With these notations, defining flti = ai, 
the propagators in our graph can be written as : 

[2^sinh(az)]2 ' ^ ' 



^Of course two different 8 parameters could be used for the two symplectic pairs of variables 
of R*. 
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B.2.2 Orientation and Position Routing 

A rule to solve the S functions at every vertex is a "position routing" exactly 
analog to a momentum routing in the ordinary commutative case, except for the 
additional difficulty of the cyclic signs which impose to orient the Hues. It is well 
known that there is no canonical such routing but there is a routing associated 
to any choice of a spanning tree in G. Such a tree choice is also useful to orient 
the lines of the graph, hence to fix the exact sign definition of the "short" line 
variables ui, and to optimize the multiscale power counting bounds below. 

Let n be the number of vertices of G, N the number of its external fields, 
and L the number of internal lines of G. We have L = 2n — N/2. Let T be a 
rooted tree in the graph (when the graph is not a vacuum graph it is convenient 
to choose for the root a vertex with external fields but this is not essential) . We 
orient first all the lines of the tree and all the remaining half-loop lines or "loop 
fields", following the cyclicity of the vertices. This means that starting from an 
arbitrary orientation of a first field at the root and inductively climbing into the 
tree, at each vertex we follow the cyclic order to alternate entering and exiting 
fines as in Figure [RTI 



Every line of the tree by definition of this orientation has one end exiting 
a vertex and an other entering another one. This may not be true for the loop 
lines, which join two "loop fields". Among these, some exit one vertex and enter 
another ; they are called well-oriented. But others may enter or exit at both ends. 




Fig. B.l: Orientation of a tree 
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These loop lines are subsequently referred to as "clashing lines". If there are no 
clashing lines, the graph is called orientable. If not, it is called non-orientable. 

We will see below that non-orientable graphs are irrelevant in the renorma- 
lization group sense. In fact they do not occur at all in some particular models 
such as the LSZ model treated in the Appendix, or in the most natural non- 
commutative Gross-Neveu models |32) . 

For all the well-oriented lines (hence all tree propagators plus some of the 
loop propagators) we define in the natural way ui = x^ i(j_) — Xi,/ ^'(j) if the line 
enters at Xy^i(^i) and exits from a;^/ ^/j/). Finally we fix an additional (completely 
arbitrary) auxiliary orientation for all the clashing loop lines, and fix in the same 
way ui = — Xy' with respect to this auxiliary orientation. 

It is also convenient to define the set of "branches" associated to the rooted 
tree T . There are n — 1 such branches 6(Z), one for each of the n — 1 lines I 
of the tree, plus the full tree itself, called the root branch, and noted bo. Each 
such branch is made of the subgraph Gb containing all the vertices "above / " in 
r, plus the tree lines and loop lines joining these vertices. It has also "external 
fields" which are the true external fields hooked to Gb, plus the loop fields in Gb 
for the loops with one end (or "field") inside and one end outside Gb, plus the 
upper end of the tree line / itself to which b is associated. In the particular case 
of the root branch, Gbg = G and the external fields for that branch are simply 
all true external fields. We call Xb the set of all external fields / of b. 

We can now describe the position routing associated to T. There are n S 
functions in l|2.6p . hence n linear equations for the 4n positions, one for each 
vertex. The momentum routing associated to the tree T solves this system by 
passing to another equivalent system of n linear equations, one for each branch 
of the tree. This equivalent system is obtained by summing the arguments of 
the 6 functions of the vertices in each branch. Obviously the Jacobian of this 
transformation is 1, so we simply get another equivalent set of n 6 functions, 
one for each branch. 

Let us describe more precisely the positions summed in these branch equa- 
tions, using the orientation. Fix a particular branch Gb, with its subtree Tb. In 
the branch sum we find a sum over all the ui short parameters of the lines I in Tb 
and no vi long parameters since I both enters and exits the branch. This is also 
true for the set Lb of well-oriented loops lines with both fields in the branch. 
For the set Lb^+ of clashing loops lines with both fields entering the branch, 
the short variable disappears and the long variable remains ; the same is true 
but with a minus sign for the set Lb^- of clashing loops lines with both fields 
exiting the branch. Finally we find the sum of positions of all external fields for 
the branch (with the signs according to entrance or exit). For instance in the 
particular case of Figure IB.2[ the delta function is 

5 [ui^ + ui^ + it,3 + + UL., - + - X2 + X3 + Xi) . (2.7) 

The position routing is summarized by : 
Lemma B.2.1 (Position Routing) We have, calling Iq the remaining inte- 
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Fig. B.2: A branch 



grand in f2. 6]) : 



(2.8) 



Ul 



^ i;, - ^ + ^ e{f)xf laiixy,,}), 



leLb 



where e{f) is ±1 depending on whether the field f enters or exits the branch. 

Using the above equations one can at least solve all the long tree variables vi 
in terms of external variables, short variables and long loop variables, using the 
n — 1 non-root branches. There remains then the root branch S function. If Gb is 
orientable, this S function of branch bo contains only short and external variables, 
since Lf,_+ and L(,.- are empty. If Gb is non-orientable one can solve for an 
additional "clashing" long loop variable. We can summarize these observations 
in the following lemma : 

Lemma B.2. 2 The position routing solves any long tree variable vi as a func- 
tion of : 

- the short tree variable ui of the line I itself, 

- the short tree and loop variables with both ends in Gb(i) , 

- the long loop variables of the clashing loops with both ends in Gb[i) (if 
any), 
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- the short and long variables of the loop lines with one end inside Gb[i) and 
the other outside. 

- the true external variables x hooked to G\j(^i) . 

The last equation corresponding to the root branch is particular. In the orientable 
case it does not contain any long variable, but gives a linear relation among the 
short variables and the external positions. In the non- orientable case it gives a 
linear relation between the long variables w of all the clashing loops in the graph 
some short variables u 's and all the external positions. 

From now on, each time we use this lemma to solve the long tree variables 
vi in terms of the other variables, we shall call wi rather than vi the remaining 
n+l~ N/2 independent long loop variables. Hence looking at the long variables 
names the reader can check whether Lemma [6.2.21 has been used or not. 

B.2.3 Multiscale Analysis and Crude Power Counting 

In this section we follow the standard procedure of multiscale analysis [53] . 
First the parametric integral for the propagator is sliced in the usual way : 

oo 

C(m,w) = C"(m,v) + ^C'(u,w), (2.9) 

with 

^M"^<*"^> Q 7 2 

7m-2« pTTSmha]^ 
Lemma B.2.3 For some constants K (large) and c (small) : 

C\u,v) < i^Af2*e-'=[*^'ll"ll+*^"'ll^lll (2.11) 

(which a posteriori justifies the terminology of "long" and '"short" variables). 

The proof is elementary, as it relies only on second order approximation of the 
hyperbolic functions near the origin. 

Taking absolute values, hence neglecting all oscillations, leads to the follo- 
wing crude bound : 

I^gKJI / duidvil[C''{ui,vi)l[S, , (2.12) 

where /i is the standard assignment of an integer index ii to each propagator 
of each internal Hne I of the graph G, which represents its "scale". We will 
consider only amputated graphs. Therefore we have no external propagators, 
but only external vertices of the graph ; in the renormalization group spirit, the 
convenient convention is to assign all external indices of these external fields to 
a fictitious —1 "background" scale. 
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To any assignment fi and scale i are associated the standard connected com- 
ponents G^, k — l,...,k{i) of the subgraph G* made of all lines with scales 
j ^ i. These tree components are partially ordered according to their inclusion 
relations and the (abstract) tree describing these inclusion relations is called the 
Gallavotti-Nicolo tree [S^ ; its nodes are the G^'s and its root is the complete 



graph G (see Figure [BT3 





10 



11 




(a) A (p** graph 



(b) Example of scale attribution 



Gf>^{l,2} Giy={3A} Gi = {5,6,7} 



G'i = {5,6,7} 




VI = {1,2,3,4,5,6,7,8,9,11} 



G; = {1,2,3,4,5,6,7,8,9,11} 



G? = G 

(c) The "Gallavotti-Nicolo" tree 



Fig. B.3: 



More precisely for an arbitrary subgraph g one defines : 



ig(^) = inf i/(/i) , eg{^) ^ sup «/(Ai) ■ (2-13) 

I external line of g 
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The subgraph g is a G], for a given /i if and only if ig{n) ^ i > eg{fj,). As is well 
known in the commutative field theory case, the key to optimize the bound over 
spatial integrations is to choose the real tree T compatible with the abstract 
Gallavotti-Nicolo tree, which means that the restriction TJ. of T to any G], must 
still span G^. This is always possible (by a simple induction from leaves to 
root). We pick such a compatible tree T and use it both to orient the graph as 
in the previous section and to solve the associated branch system of S functions 
according to Lemma IB. 2. 21 We obtain : 

\agj ^ if"n^^''' /^"'^^^n e^''"''''""'"^''"'' n 

I I b 

^ if"J|M2^' /"dwidu;, J|e-=[^^''""'"+^'^"''ll"'("'"''")lllJb„ (2.14) 
I I 

The key observation is to remark that any long variable integrated at scale i 
costs i^M'** whereas any short variable integrated at scale i brings KM~*^, and 
the variables "solved" by the S functions bring or cost nothing. For an orientable 
graph the optimal solution is easy : we should solve the n—1 long variables vi 's of 
the tree propagators in terms of the other variables, because this is the maximal 
number of long variables that we can solve, and they have highest possible 
indices because T has been chosen compatible with the Gallavotti-Nicolo tree 
structure. Finally we still have the last Sb^ function (equivalent to the overall 
momentum conservation in the commutative case). It is optimal to use it to 
solve one external variable (if any ) in terms of all the short variables and the 
external ones. Since external variables are typically smeared against unit scale 
test functions, this leaves power counting invarianc|. 

The non-orientable case is slightly more subtle. We remarked that in this case 
the system of branch equations allows to solve n long variables as a functions of 
all the others. Should we always choose these n long variables as the n—1 long 
tree variables plus one long loop variable ? This is not always the optimal choice. 
Indeed when several disjoint G]. subgraphs are non-orientable it is better to solve 
more long clashing loop variables, essentially one per disjoint non-orientable G}., 
because they spare higher costs than if tree lines were chosen instead. We now 
describe the optimal procedure, using words rather than equations to facilitate 
the reader's understanding. 

Let C be the set of all the clashing loop lines. Each clashing loop line has a 
certain scale i, therefore belongs to one and only one G^. and consequently to 
all G^, D G}. . We now define the set S" of n long variables to be solved via the 

^In the case of a vacuum graph, there are no external variables and we must therefore use 
the last SbQ function to solve the lowest possible short variable in terms of all others. In this 
way, we loose the M~** factor for this short integration. This is why the power counting of a 
vacuum graph at scale i is not given by the usual formula m'*"^)' = M*' below at Af = 0, 
but is in M**, hence worse by M"'. This is of course still much better than the commutative 
case, because in that case and in the analog conditions, that is without a fixed internal point, 
vacuum graphs would be worse than the others by an ... infinite factor, due to translation 
invariance ! In any case vacuum graphs are absorbed in the normalization of the theory, hence 
play no role in the renormalization. 
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S functions. First we put in S all the n — 1 long tree variables vi. Then we scan 
all the connected components G], starting from the leaves towards the root, and 
we add a clashing line to S each time some new non-orientable component 
appears. We also remove p— 1 tree lines from S each time p ^ 2 non-orientable 
components merge into a single one. In the end we obtain a new set S of exactly 
n long variables. 

More precisely suppose some at scale z is a "non-orientable leaf" , which 
means that is contains some clashing lines at scale i but none at scales j > i. 
We then choose one (arbitrary) such clashing line and put it in the set S. Once 
a clashing Hne is added to S in this way it is never removed and no other 
clashing line is chosen in any of the G-^ at lower scales j < i to which the chosen 
line belongs. (The reader should be aware that this process allows nevertheless 
several clashing lines of S to belong to a single G^, provided they were added 
to different connected components at upper scales.) When p ^ 2 non-orientable 
components merge at scale i into a single non-orientable , we can find p — 1 
Hnes in the part of the tree joining them together, (e.g. taking them among 
the first lines on the unique paths in T from these p components towards the 
root) and remove them from S. 

We see that if we have added in all q clashing lines to the set S, we have 
eliminated q — 1 tree lines. The final set S thus obtained in the end has exactly 
n elements. The non trivial statement is that thanks to inductive use of Lemma 
IB.2.2l in each G^, we can solve all the long variables in the set S with the branch 
system of 6 functions associated to T. 

We perform now all remaining integrations. This spares the corresponding 
M^* integration cost for each long variable in S. For any line not in S we see 
that the net power counting is 1, since the cost of the long variable integration 
exactly compensates the gain of the short variable integration. But for any line 
in S we earn the M"*** power counting of the corresponding short variable u 
without paying the M^' cost of the long variable. 

Gathering all the corresponding factors together with the propagators pre- 
factors M^* leads to the following bound : 

\AgJ ^ i^"[]Af2^'[|M-4*' . (2.15) 

I les 

Remark that if the graph is well-oriented this formula remains true but the set 
S consists of only the n — 1 tree lines 
In the usual way of [53] we write 

I I i=l 

and 



= [] [] M2 = []Af2'(GL) (2.16) 

=n n (2 17) 

i,k leGins 
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and we must now only count the number of elements in n S. 

If G]. is orientable, it contains no clashing lines, hence G'^H S — TJ., and the 
cardinal of is n{G\) — 1. 

If G\. contains one or more clashing lines and p clashing lines Zi, ... ^Ip'm G\ 
have been chosen to belong to S, then p — 1 tree variables in have also been 
removed from S and n S* = U {Zi, ... , Zp} — {p — 1 tree variables}, hence 
the cardinal of G\ n S* is n{G\). 

Using the fact that 21{G\.) — An{G\) = —N{G\) we can summarize these 
results in the following lemma : 

Lemma B.2.4 The following hound holds for a connected graph (with external 
arguments integrated against fixed smooth test functions) : 

i,k 

for some (large) constant K , with ijj{G].) — N{G].) — 4 «/ GJ. is orientable and 
oj{G\) = N{G),) if G), is non- orientable. 

This lemma is optimal if vertices oscillations are not taken into account, and 
proves that non-orientable subgraphs are irrelevant. But it is not yet sufficient 
for a renormalization theorem to all orders of perturbation. 

B.2.4 Improved Power Counting 

Recall that for any non-commutative Feynman graph G we can define the 
genus of the graph, called g and the number of faces "broken by external legs", 
called B |E9| I41j. We have g ^ and B ^ 1. The power counting established 
with the matrix basis in [29l |4l] , rewritten in the language of this paper H is : 

w(G) = 7V-4 + 8.g + 4(S- 1) , (2.19) 

hence we must (and can) renormalize only 2 and 4 point subgraphs with 5 = 
and B = 1, which we call planar regular. They are the only non- vacuum graphs 
with u! ^ 0. 

In the previous section we established that 

w(G) ^ N -4 , if G orientable , w(G) ^ , if G non orientable . (2.20) 

It is easy to check that planar regular subgraphs are orientable, but the 
converse is not true. Hence to prove that orientable non-planar subgraphs or 
orientable planar subgraphs with B ^ 2 are irrelevant requires to use a bit of 
the vertices oscillations to improve Lemma [6.2. 41 and get : 

■^Beware that the factor i in [41] is now 2i, and that the lu used here is the convergence 
rather than divergence degree. Hence there is both a sign change and a factor 2 of difference 
between the ui's of this paper and the ones of J41J. 
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Lemma B.2.5 For orientable subgraphs with g ^ 1 we have 

w(G)^7V + 4. (2.21) 

For orientable subgraphs with 5 = 1 and B ^ 2 we have 

uj{G) ^ N . (2.22) 

This lemma although still not giving (|2.19p is sufficient for the purpose of this 
paper. For instance it implies directly that graphs which contain only irrelevant 
subgraphs in the sense of l|2.19p have finite amplitudes uniformly bounded by 
, using the standard method of [53] to bound the assignment sum over ^ in 
(I2l2l) . 

The rest of this subsection is essentially devoted to the proof of this Lemma 

We return before solving 5 functions, hence to the v variables. We will need 
only to compute in a precise way the oscillations which are quadratic in the 
long variables f 's to prove (|2.2ip and the linear oscillations in v9~^x to prove 
l|2.22p . Fortunately an analog problem was solved in momentum space by Filk 
and Chepelev-Roiban [III [50], and we need only a slight adaptation of their work 
to position space. In fact in this subsection short variables are quite inessential 
but it is convenient to treat on the same footing the long v and the external x 
variables, so we introduce a new global notation y for all these variables. The 
vertices rewrite as 

U^iyi -y2 + y3-y, + e^u,)e<^^<^^-'y'''^'y^'-'y^+yQ-+-^-) . (2.23) 

V 

for some inessential signs and some symplectic matrices Q and R. 

Since we are not interested in the precise oscillations in the short u variables 
we will note in the sequel quite sloppily Eu any linear combination of the u 
variables. Let's consider the first Filk reduction p[7|, which contracts tree lines 
of the graph. It creates progressively generaHzed vertices with even number of 
fields. At a given induction step and for a tree fine joining two such generaHzed 
vertices with respectively p and q — p + 1 fields {p is even and q is odd) , we 
assume by induction that the two vertices are 

S{yi - 2/2 + ys-- -yp + Eu)5{yp - yp+i + ... ~yq+ Eu) (2.24) 

Using the second 5 function we see that : 

yp^yp+i-yp+2 + .... + yq~ Eu . (2.25) 
Substituting this expression in the first 5 function we get : 

5{yi -y2 + ■■■ - yp+i + ..-yq + Eu)6{yp - yp+i + ... - + -Bu|2.26) 
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The quadratic terms which include yp in the exponential are (taking into 
account that p is an even number) : 

|](-l)'+i2/,0-ij/p+ ^ (-l)^+iyp0-ij/, . (2.27) 

i—l J— P+1 

Using the expression l|2.25p for yp we see that the second term gives only terms 
in yLu. The first term yields : 

E E (-1)^+'+^^'^^^^"'% =EE(-l)^+'^+^2/.^-^% , (2.28) 

i—l J— p-f 1 i—l k—p 

which reconstitutes the crossed terms, and we have recovered the inductive form 
of the larger generalized vertex. 

One should be aware that yp has disappeared from the final result, but that 
all the subsequent ys>p have changed sign. This compHcation arises because of 
the cycHcity of the vertex. As p was chosen to be even (which implies q odd) we 
see that g — 1 is even as it should. Consequently by this procedure we will always 
treat only even vertices. We finally rewrite the product of the two vertices as : 

S{yi - 2/2 + ••■ + yp-i - yp+i + ■■-yq + Eu)6{yp - yp-i + ... - yq + Ey) 
e'(Ei<.<,s:,(-i)'+'"+'y.«''y.+yQ"+«-R") (2.29) 

where the exponential is written in terms of the reindexed vertex variables. In 
this way we can contract all lines of a spanning tree T and reduce G to a single 
vertex with "tadpole loops" called a "rosette graph" [50j. In this rosette to keep 
track of cyclicity is essential so rather than the "point-Hke" vertex of [50] we 
prefer to draw the rosette as a cycle (which is the border of the former tree) 
bearing loops lines on it (see Figure IB.4P . Remark that the rosette can also be 




Fig. B.4: A typical rosette 
considered as a big vertex, with r = 2n + 2 fields, on which N are external fields 
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with external variables x and 2n + 2 — N are loop fields for the corresponding 
n + 1 — N/2 loops. When the graph is orientable (which is the case to consider in 
Lemma rB.2.5t the fields alternatively enter and exit, and correspond to the fields 
on the border of the tree T, which we meet turning around counterclockwise in 
Figure [RTI In the rosette the long variables yi for I in T have disappeared. Let 
us call z the set of remaining long loop and external variables. Then the rosette 
vertex factor is 



The initial product of S functions has not disappeared so we can still write 
it as a product over branches like in the previous section and use it to solve the 
yi variables in terms of the z variables and the short u variables. The net effect 
of the Filk first reduction was simply to rewrite the root branch 6 function and 
the combination of all vertices oscillations (using the other S functions) as the 
new big vertex or rosette factor (|2.30p . 

The second Filk reduction [TJ further simplifies the rosette factor by erasing 
the loops of the rosette which do not cross any other loops or arch over external 
fields. Here again the same operation is possible. Consider indeed such a rosette 
loop I (for instance loop 2 in Figure [B~4|) . This means that on the rosette cycle 
there is an even number of vertices in betwen the two ends of that loop and 
moreover that the sum of z's in betwen these two ends must be zero, since 
they are loop variables which both enter and exit between these ends. Putting 
together all the terms in the exponential which contain zi we conclude exactly 
as in [17] that these long z variables completely disappears from the rosette 
oscillation factor, which simplifies as in [5^ to 



where Xij is the antisymmetric "intersection matrix" of [50] (up to a different 
sign convention). Here 1^ = +1 if oriented loop line i crosses oriented loop line 
j coming from its right, — ~1 if i crosses j coming from its left, and Jij — 
if i and j do not cross. These formulas are also true for i external line and j loop 
fine or the converse, provided one extends the external lines from the rosette 
circle radially to infinity to see their crossing with the loops. Finally when i 
and j are external lines one should define = (— 1)p+9+i if p and q are the 
numbering of the lines on the rosette cycle (starting from an arbitrary origin) . 

If a node of the Gallavotti-Nicolo tree is orientable but non-planar 
{g > 1), there must therefore exist two intersecting loop fines in the rosette 
corresponding to this 0% , with long variables wi and W2 ■ Moreover since 0% is 
orientable, none of the long loop variables associated with these two lines be- 
longs to the set S of long variables eliminated by the S constraints. Therefore, 
after integrating the variables in S the basic mechanism to improve the power 
counting of a single non planar subgraph is the following. The integral 




(2.30) 



S{zi -Z2 + ... -Zr + £;„)eH^2:z-H^Q«+t.i?«) 



(2.31) 




(2.32) 
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becomes : 

= KM^'^ J dw'2e-'^^'"''+^''"'"^^<'>" = KM^'^M-^'- . (2.33) 

In these equations we used for simplicity Af~^' instead of the correct but more 
comphcated factor (ri/4) tanh(a/2) (see I2.6P (of course this does not change 
the argument) and we performed a unitary hnear change of variables w[ = 
wi + £i{x,u), w'2 = W2 + £2{x,u) to compute the oscillating w[ integral. The 
gain in (|2.33p is M~^*=' , which is the difference between M~'^^^ and the normal 
factor M^'^ that the W2 integral would have cost if we had done it with the 
regular e~*^ ^""2 factor for long variables. To maximize this gain we can assume 
ii ^ «2. 

This basic argument must then be generalized to each non-planar leaf in the 
Gallavotti-Nicolo tree. This is done exactly in the same way as the inductive de- 
finition of the set A of clashing lines in the non-orientable case. In any orientable 
non-planar 'primitive" node (i.e. not containing sub non-planar nodes) we 
can choose an arbitrary pair of crossing loop lines which will be integrated as in 
l|2.33p using this oscillation. The corresponding improvements are independent. 

This leads to an improved amplitude bound : 

\AGji^K"l[M~^('''>'\ (2.34) 

i,k 

where now io{G].) = N{G\) + 4 if is orientable and non planar (i.e. g ^ 1). 
This bound proves l|2.2ip . 

Finally it remains to consider the case of nodes G\ which are planar orien- 
table but with B > 2. In that case there are no crossing loops in the rosette 
but there must be at least one loop line arching over a non trivial subset of 
external legs in the G\ rosette (see line 6 in Figure [B~4l) . We have then a non 
trivial integration over at least one external variable, called x, of at least one 
long loop variable called w. This "external" x variable without the oscillation 
improvement would be integrated with a test function of scale 1 (if it is a true 
external line of scale 1) or better (if it is a higher long loop variable)@. But we 
get now 

= KM^' j dxe-^'^"''' = K' , (2.35) 

so that a factor M''* in the former bound becomes 0(1) hence is improved by 
M~^\ This proves (|2.22p hence completes the proof of Lemma [8.2.51 □ 

■^Since the loop line arches over a non trivial (i.e. neither full nor empty) subset of external 
legs of the rosette, the variable x cannot be the full combination of external variables in the 
"root" <5 function. 
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This method could be generalized to get the true power counting (|2.19p . One 
simply needs a better description of the rosette oscillating factors when g or B 
increase. It is in fact possible to "disentangle" the rosette by some kind of "third 
Filk move". Indeed the rank of the long variables quadratic oscillations is exactly 
the genus, and the rank of the linear term coupHng these long variables to the 
external ones is exactly B — 1. So one can through a unitary change of variables 
on the long variables inductively disentangle adjacent crossing pairs of loops in 
the rosette. This means that it is possible to diagonalize the rosette symplectic 
form through explicit moves of the loops along the rosette. Once oscillations are 
factorized in this way, the single improvements shown in this section generalize 
to one improvement of M~®* per genus and one improvement of M"**' per broken 
face. In this way the exact power counting l|2.19p should be recovered by pure 
x-space techniques which never require the use of the matrix basis. This study 
is more technical and not really necessary for the BPHZ theorem proved in this 
paper. 



B.3 Renormalization 

In this section we need to consider only divergent subgraphs, namely the 
planar two and four point subgraphs with a single external face {g = 0, B = 1, 
N = 2 or 4). We shall prove that they can be renormaHzed by appropriate coun- 
terterms of the form of the initial Lagrangian. We compute first the oscillating 
factors Q and R of the short variables in (|2.3ip for these graphs. This is not 
truly necessary for what follows, but is a good exercise. 



B.3.1 The Oscillating Rosette Factor 

In this subsection we define another more precise representation for the ro- 
sette factor obtained after applying the first Filk moves to a graph of order n. 
We rewrite in terms of ui and vi the coordinates of the ends of the tree lines I, 
I — 1, . . . , 71 — 1 (those contracted in the first Filk moves), but keep as variables 
called si, . . . , S2n+2 the positions of all external fields and all ends of loop fines 
(those not contracted in the first Filk moves). 

We start from the root and turn around the tree in the trigonometrical 
sense. We number separately all the fields as 1, . . . , 2n + 2 and all the tree lines 
as 1, . . . , n — 1 in the order they are met, but we also define a global ordering 
-< on the set of all the fields and tree lines according to the order in which they 
are met (see Figure IB.SP . In this way we know whether field number p is met 
before or after tree line number q. For example, in Figure [BTsI field number 8 -< 
tree line number 6. 

Lemma B.3.1 The rosette contribution after a complete first Filk reduction is 
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Fig. B.5: Total ordering of the tree lines and fields 
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exactly : 

6{S1 -S2 + S2n+2 + ui)e'^°<'<^<-'^-'^^'^'*^^'^~^^^ 

where s{l) is —1 if the tree line I is oriented towards the root and +1 if it is not. 

Proof : We proceed by induction. We contract the tree lines according to their 
ordering. In this way, at any step k we contract a generaUzed vertex with 2fc + 2 
external fields corresponding to the contraction of the A; — 1 first lines with a 
usual four-vertex with r = 4, and obtain a new generalized vertex with 2fc + 4 
fields. 

We suppose inductively that the generalized vertex has the above form and 
prove that it keeps this form after the contraction. We denote the external 
coordinates of this vertex as Si, . . . , S2fc+2 and the coordinates of the four- vertex 
as ti, . . . ,ti. We contract the propagator {Sp,tq) with associated variables v = 
Sp + tq and u = (— l)P+^Sp + {—l)'^~^^tq. We also note that, since the tree is 
orientable, p + q is odd. 

Adding the arguments of the two S functions gives the global 6 function. We 
have the two equations : 

Sl - S2 H S2fe+2 + ^Ms = , ti~t2+t3-t4 = . (2.2) 

Using the invariance of the t vertex we can always eliminate the contribution of 
tq in the phase factor. We therefore have : 

^ = [si-S2 + --- + (-l)%-l]0-^(-l)% 

+ (-l)P,Sp0-l[(-l)P+2,Sp+i + . . . - ,S2fe+2] 

= [si - S2 + • • • + i-i)Psp^,]e-^[-u + i'lr+Hq] 

+ [-U + {~ir+Hq]e-^[{-l)P+^Sp+i +....- 6-2fe+2]. (2.3) 

As {—l)'^~^^tq = J2i=i,ijiqi~^y^i we see that the s9~^tq terms in the above 
expression reproduce exactly the crossed terms needed to complete the first 
exponential. We rewrite the other terms as : 

[si - S2 + • • • + i-irsp-i]e-\-u) + {-u)e-^[{-iy+hp+i ^2^+2] 
= [si-s2 + --- + (-i)%-i]ri(-u) 

+{-u)e-^[-si + S2--- + i-ifsp - J2 Us] 

S 

= 2[si -S2 + --- + {-irsp-i]e-\-u) + {-u)e-\-irsp + ue-' ^ 

s 

= 2y2{-iysie-\+{-ir+'^^+j2u9-\,. (2.4) 

l^l s 
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where we have used (— l)^'sp = (— — u)/2. 

Note that further contractions will not involve si . . . Sp-i. After collecting 
all the contractions and using the global delta function we write : 

2^(-l)''s,0-i?/, = + (2.5) 

l.iyl 1,1' 

and the last term is zero by the antisymmetry of 6'^^. □ 
We note C the set of loop lines, and analyze now further the rosette contri- 
bution for planar graphs. We call now Xi, i — 1, . . . , TV the N external positions. 
We choose as first external field 1 an arbitrary entering external line. We define 
an ordering among the set of all lines, writing Z' ^ / if both ends of I' are before 
the first end of / when turning around the tree as in Figure [R5l where h ^ h- 
Analogously we define / -< j when j is an external vertex {h -< in Figure 
IB.5|) . We define /' C Z if both ends of /' lie in between the ends of I on the 
rosette {l^ C I a in Figure iRS)) . We count a loop line as positive if it turns in 
the trigonometric sense like the rosette and negative if it turns clockwise. Each 
loop line I G L has now a sign eiV) associated with this convention, and we now 
explicit its end variables in terms of ui and wi . 

With these conventions we prove the following lemma : 

Lemma B.3.2 The vertex contribution for a planar regular graph is exactly : 

g--^T.iec,i'ecuT: I'd i^i'S^^wie{l) 

Proof We see that the global root 5 function has the argument : 



(2.6) 



Y^{-ir+\,+ E (2-7) 

Since the graph has one broken face we always have an even number of vertices 
on the external face between two external fields. We express all the internal 
loop variables as functions of u's and w's. Therefore the quadratic term in the 
external vertices can be written as : 

J2{-iy+^+^^,9-^x, . (2.8) 

i<j 

The linear term in the external vertices is : 

J2i-iy+h.e-\-iyx, + Y,{-iyx,e-\~iy+h. 

i<3 i>'j 
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and equals 

i'eC,i'yj i'eC,i'yj 

+ {-iyxj0-^ui+ Y ui9-\-iyxj . (2.9) 

Consider a loop line from Sp to Sq with p < q. Its contribution to the vertex 
amplitude decomposes in a "loop-loop" term and a "loop-tree" term. The first 
one is : 



^(-i)'+isiri(-i)% + ^(-i)%ri(-i)'+isi + spO-'sg 
+ J2{-iy+'sie-\-iysq + J2{-irsqe-\-iy+hi 

i<q q<i 

+ (-!)%] 
+ YJ-\f'p + {.-\fs,\e-\-\y^H, 



q<i 



+ J2 {-iy^'s'9-'[{-iy+hp + i-iySg] + Sp9~hg . (2.10) 



p<l<q 



Taking into account that (— l)'+-^Si + (— l)-'+-^Sj = Uf if Si and sj are the 
two ends of the loop line I', we can rewrite the above expression as : 

I'^i I'yl I'd 

+ Y ute-\-iy+'wt, , (2.11) 

l',lCl' 

wliorc I is fixed in all the above expressions. Summing the contributions of all 
the lines (being careful not to count the same term twice) we get the final result : 

I'M l,l'Cl I 

We still have to add the "loop-tree" contribution. It reads : 

i'eT,i'^p i'eT,i'yp 
+ Y ui,9-\-iysq+ Y 

l'eT,l'^q l'eT,l'yq 
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and equals 

I'eT-l'^p.q l'eTd'^p.,q 

I'eT-i'^i i'eT;i'yi I'^T-i'ai 

(2.13) 

Collecting all the factors proves the lemma. □ 

B.3.2 Renormalization of the Four-point Function 

Consider a 4 point subgraph which needs to be renormalized, hence is a 
node of the Gallavotti-Nicolo tree. This means that there is (i, k) such that 
N{G\) — 4. The four external positions of the amputated graph are labeled 
xi,X2,X3 and x^. We also define Q, R and S as three skew-symmetric matrices 
of respective sizes 4 x 1{G\), 1{G\) x 1{G\) and [n{G\) — 1] x 1{G\), where we 
recall that n(G') — 1 is the number of loops of a 4 point graph with n vertices. 
The amplitude associated to the connected component G\. is then 

A{G\){xi,X2,X'i,Xi) = / IT dutCt{x,u,w) ]^ duidwiCi{ui,wi) 
<5(xi -X2+X3-XA+Y^ ^,)e<^p<.(-i)'^'-''-''«"'-'+^Q^+^^-^+^^^.14) 

The exact form of the factor X]p<q(~l)^^^^^ 

follows from Lemma n3.3.2l 

From this Lemma and l|2.15p below would also follow exact expressions for Q, R 
and iS*, but we wont need them. The important fact is that there are no quadratic 
oscillations in X times W (because B — 1) nor in W times W (because g — Q). 
Ci is the propagator of the Hue I. For loop Hues Ci is expressed in terms of ui 
and wi by formula l|2.6p . (with v replaced by our notation w for long variables 
of loop lines) . But for tree lines i & recall that the solution of the system of 
branch 5 functions for T has reexpressed the corresponding long variables vg in 
terms of the short variables u, and the external and long loop variables of the 
branch graph Gi which lies "over" £ in the rooted tree T. This is the essential 
content of the subsection lB.2.2l More precisely consider a Hue ^ G with scale 
^ i ; we can write 

ve = Xi + Wg + Ui (2.15) 

where 

Xi^ ei^eXe (2.16) 
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is a linear combination on the set of external variables of the branch graph Gi 
with the correct alternating signs ei^e, 

is a linear combination over the set C{£) of long loop variables for the external 
lines of Ge (and eej are other signs), and 

Ui= Y (2.18) 

/'es(£) 

is a linear combination over a set Si of short variables that we do not need to 
know explicitly. The tree propagator for line i then is 



Giiui,Xi,Ui,We) 



M~2i(i) [27rsinh(Q;^)]2 



(2.19) 

To renormalize, let us call e = maxe^, p = 1, 4 the highest external index 
of the subgraph G\. We have e < i since Gj^, is a node of the Gallavotti-Nicolo 
tree. We evaluate A(G).) on external fieldCl iy3^'^(a:p) as : 

A{Gl) = I Y\_dxp^p'^''{xp) A{G'k){xi,X2,x3,XA) 
p=i 

r 

= / Yldxp^'^^ixp) e'E-t Y[ duiGi{ue,tXi,Ui,We) (2.20) 
p=i ieT' 

Y\ dui dwiGi{ui,wi) 6(A + t 



ui]e 

leGi liT leG 



t=i 



with Is. — xi - X2 + xz — Xi and Ext = Z]p<q=i(~l)^^'^"^2^p^ "^^<j- 

This formula is designed so that at t = all dependence on the external 
variables x factorizes out of the u,w integral in the desired vertex form for 
renormalization of the Lp -k tp -k (p -k tp interaction in the action (|2.2p . We now 
perform a Taylor expansion to first order with respect to the t variable and 
prove that the remainder term is irrelevant. Let il — X^ieG', ^^'^ 

^{t) = tanh(^) J t^X} + 2tXi> [Wi + Ue] I 

= -t^AX.X -2tAX.{W + U) . (2.21) 



^For the external index to be exactly e the external smearing factor should be in fact 
YlpV^^i^p) ~ Ylp'P^'^~^(^p) but this subtlety is inessential. 
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where At — tanh(^), and X ■ Y means X^^gT' ^e-Yg. We have 



A{Gl) 



r * 

p=l ifzTl 



J(A)+ j dt 



duidwiCi{ui,wi) 



tURU+iUSW 



il ■ VJ( A + m) + S{A + til) [iXQU + 5H'(i)] 



(2.22) 



^itXQU+Vi{t) 



where Ce{ue, Ug, Wg) is given by (|2.19p but taken at Xg — 0. 

The first term, denoted by tA, is of the desired form l|2.4p times a number 
independent of the external variables x. It is asymptotically constant in the 
slice index i, hence the sum over i at fixed e is logarithmically divergent : this 
is the divergence expected for the four-point function. It remains only to check 
that (1 — t)A converges as ? — e ^ oo. But we have three types of terms in 
(1 — t)A, each providing a specific improvement over the regular, log-divergent 
power counting of A : 

- The term il- \'6{A + tU). For this term, integrating by parts over external 
variables, the V acts on external fields 'p'^^, hence brings at most to 
the bound, whether the il term brings at least M~\ 

- The term XQU. Here X brings at most and U brings at least 

- The term 91' (i). It decomposes into terms in AX ■ X, AX ■ U and AX ■ W. 
Here the Ae brings at least M~^^^^\ X brings at worst M*^, U brings 
at least and XeWg brings at worst M'^+*(^'. This last point is the 
only subtle one : if £ € T^, remark that because is a sub-tree within 
each Gallavotti-Nicolo subnode of G], , in particular all parameters wi' for 
I' € C{£) which appear in Wi must have indices lower or equal to i{£) 
(otherwise they would have been chosen instead of £ in T^). 

In conclusion, since i{£) ^ i, the Taylor remainder term (1 — t)A improves 
the power-counting of the connected component by a factor at least M~^''~'^'> . 
This additional Af~('~^) factor makes (1 — t)A{GI) convergent and irrelevant 
as desired. 
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B.3.3 Renormalization of the Two-point Function 

We consider now the nodes such that 7V(G^) = 2. We use the same notations 
than in the previous subsection. The two external points are labeled x and y. 
Using the global S function, which is now s(^x — y + iXj, we remark that the 

external oscillation e"^ ^ can be absorbed in a redefinition of the term e'^^^QU ^ 
which we do from now on. Also we want to use expressions symmetrized over x 
and y. The full amplitude is 

A{Gl) = j dxdy^'^^{x)^^''{y)5(x-y + il) (2.23) 
J]^ duidwiCi{ui,wi) 

n du,C,{u,,XuVuW,) e^W.r/flc/+.r/SH^ _ 

First we write the identity 

1 



^^^{x)^^\y) 
we develop it as 

^^\x)^^\y) = ^|b^^(x)]' + b^'^(y)]'- 



(?.24) 



(y-x)^-V^^^^(x) (2.25) 



+ / ds{\ - s){y - xY{y - a;)''V^V.(p^^(x + s{y - x)) 
Jo 

and substitute into l|2.23p . The first term is a symmetric combination with 
external fields at the same argument. Consider the case with the two external 
legs at x, namely the term in [(p'^'^{x)]'^ . For this term we integrate over y. This 
uses the S function. We perform then a Taylor expansion in t at order 3 of the 
remaining function 

fit) = e^'^Qt'+^C*) , (2.26) 
where we recall that m{t) = - [t'^AX.X + 2tAX.{W + U)]. We get 



An 



- [ dT[<^^^(a;)]2e^(t^«^+t^'5M/) 



Y[ duidwiCi{ui,wi) Y[ dutCi{ut,Ui,Wi) 

.fiO) + .nO) + lf"iO) + \j\t{l-tff'-'Ht)^ ■ (2.27) 

In order to evaluate that expression, let Ao,o, ^o.ii ^0,2 be the zeroth, first 
and second order terms in this Taylor expansion, and Ao,fl be the remainder 
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term. First, 



Ao.,0 = I dx[^^'{x)Y e'^^''^+^'^> [[ duidwiCiiuuWi) 

Yl dueCeiu,,Ui,We) (2.28) 



is quadratically divergent and exactly of the expected form for the mass coun- 
terterm. Then 

Ao,i = i /'dx[^^^(x)]2 e^(^^-^+^^^) n duidwiCiiui,wi) 

leGi, i^T 

Y[ dueCeiue, Ui, We) (iXQU + 5H'(0)') (2.29) 

vanishes identically. Indeed all the terms are odd integrals over the u, w variables. 
^0,2 is more complicated : 

A,a = \j dx[^<^{x)f e^^'^^^^^'^) n duidwiCiiuuwi) 



W dueCe{ue,Ue,We) ( - (XQU)^ 
eeTi 



-AiXQUAX -{W + U)- 2AX ■ X + A[AX ■ {W + U)f j . (2.30) 

The four terms in (XQU)^, XQUAX ■ W AX ■ X and [AX ■ Wf are lo- 
garithmically divergent and contribute to the renormalization of the harmonic 
frequency term Vl in l|2.2p . (The terms in x^x^ with ^ ^ v do not survive by 
parity and the terms in {x^^Y have obviously the same coefficient. The other 
terms in XQUAX ■ U, {AX ■ U)iAX ■ W) and [AX ■ are irrelevant. Similarly 
the terms in Aq,ii()x are all irrelevant. 

For the term in Ao{y) in which we have / dx[(p'^'^ {y)Y we have to perform a 
similar computation, but beware that it is now x which is integrated with the 6 
function so that Q, S, R and fH change, but not the conclusion. 



Next we have to consider the term in 



^ 2 



(y - x)^ • V^(^^^(x) 



in l(235l) . for 



which we need to develop the / function only to first order. Integrating over y 
replaces each y — a:; by a il factor so that we get a term 

n 2 



Ai = ^ I dx 



^i{URU+USW) 



Y[ duidwiCi{ui,wi) 
leGi .i^T 



[] dueCtiuu Wi) (^/(O) + ^ dtf{t)d?j (2.31) 



eer: 
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The first term is 
^1,0 = \ I 



duidwiCi{ui,wi) 



Y[ dueC,{u,,Ui,Wi) (2.32) 

The terms with fi v do not survive by parity. The other ones reconstruct a 
counterterm proportional to the Laplacian. The power-counting of this factor 
^1,0 is improved, with respect to A, by a factor M which makes it only 
logarithmically divergent, as should be for a wave-function counterterm. 

The remainder term in Af has an additional factor at worst M"^*""^) co- 
ming from the dtf'{t)dt term, hence is irrelevant and convergent. 

Finally the remainder terms Ar with three or four gradients in l|2.25p are 
also irrelevant and convergent. Indeed we have terms of various types : 

- There are terms in with V^. The V act on the variables x, hence on 
external fields, hence bring at most M^'^ to the bound, whether the ii? 
brings at least M~^^ . 

- Finally there are terms with 4 gradients which are still smaller. 
Therefore for the renormalized amplitude Aji the power-counting is impro- 
ved, with respect to ^o, by a factor M~^(*~'^\ and becomes convergent. 

Putting together the results of the two previous section, we have proved that 
the usual effective series which expresses any connected function of the theory 
in terms of an infinite set of effective couplings, related one to each other by 
a discretized flow [53], have flnite coefficients to all orders. Reexpressing these 
effective series in terms of the renormalized couplings would reintroduce in the 
usual way the Zimmermann's forests of "useless" counterterms and build the 
standard "old-fashioned" renormalized series. The most explicit way to check 
finiteness of these renormalized series in order to complete the "BPHZ theorem" 
is to use the standard "classification of forests" which distributes Zimmermann's 
forests into packets such that the sum over assignments in each packet is finite 
|53|^ . This part is completely standard and identical to the commutative case. 



Hence the proof of Theorem IB. 2. H is completed. 



B.4 The LSZ Model 

In this section we prove the perturbative renormaHzability of a generaHzed 
Langmann-Szabo-Zarembo model [55] . It consists in a bosonic complex scalar 
field theory in a fixed magnetic background plus an harmonic oscillator. The 
quartic interaction is of the Moyal type. The action functional is given by 

S ^ j ]^(p {-Df^Df, + n'^x'^ + fil) tp + \i^i,ip*(fi<(p (2.1) 

^One could also use the popular inductive scheme of Polchinski, which however does not 
extend yet to non-perturbative "constructive" renormalization 
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where = d^ — iB^i,x'^ is the covariant derivative. The 1/2 factor is somewhat 
unusual in a complex theory but it allows us to recover exactly the results given 
in [36] with ^ uP' ~ il^ + i?^. By expanding the quadratic part of the action, 
we get a <i>''-like kinetic part plus an angular momentum term : 

(pB^Df^Lp + Vl^x^^lp = (a - iJx^ - 2BL5) ip (2.2) 

with L5 = x^p2 — x^pi + x^pi — x'^p3 — X . Here the skew-symmetric matrix 
B has been put in its canonical form 



B = 



' (0) \ 

1 ^ ' 

, (0) ° \ 

V 1 0/ 



(2.3) 



In X space, the interaction term is exactly the same as l|2.4p . The complex 
conjugation of the fields only selects the orientable graphs. 
At r2 = 0, the model is similar to the Gross-Neveu theory. This will be treated 
in a future paper [32]. If we additionally set B = we recover the integrable 
LSZ model [11]. 

B.4.1 Power Counting 

The propagator corresponding to the action (|2.ip has been calculated in [36] 
in the two-dimensional case. The generaHzation to higher dimensions e.g. four, 
is straightforward : 

-^ ^2.sinh.0- -P-2(^(--^^ (^-^^ 

cosh Lut — cosh Bt , 9 sinhi?< „ ^ 

+ r^- {x^+y^) + i . , xO 

smntJi smhoji 

Note that the sliced version of l|2.4p obeys the same bound (|2.1ip as the ip^ 
propagator. Moreover the additional oscillating phases eiq)ix9~^y are of the 
form expiui9~^vi. Such terms played no role in the power counting of the <i>^ 
theory. They were bounded by one. This allows to conclude that Lemmas IB. 2. 41 
and IB. 2.51 hold for the generalized LSZ model. Note also that in this case, the 
theory contains only orientable graphs due to the use of complex fields. 

B.4.2 Renormalization 

As for the noncommutative theory, we only need to renormalize the planar 
{g — 0) two and four-point functions with only one external face. 
Recall that the oscillating factors of the propagators are 

smh Bt 1 
2smhu;t 
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After resolving the Vi, £ G T variables in terms of Xi, Wi and Ui^ they can be 
included in the vertices oscillations by a redefinition of the Q, S and R matrices 
(see p.l4p ). For the four-point function, we can then perform the same Taylor 
subtraction as in the case. 

The two-point function case is more subtle. Let us consider the generic amplitude 
A{Gi) = f dxdy^'^'{x)^'^''{y)S{x-y + H) (2.6) 



Y]^ duidwiCi{ui,wi) 
n dueCe{w,X,,Ue,W,) e^xQu+^UHU+^usw _ 

ten 

The symmetrization procedure l|2.24p over the external fields is not possible 
anymore, the theory being complex. Nevertheless we can decompose (p{x)(p{y) 
in a symmetric and an anti-symmetric part : 

>p{x)if{y) = i {ip{x)'f{y) + >p{y)f{x) + (p{x)ip{y) - (p{y)Lp{x)) 

'^{S + A)^{x)v{y). (2.7) 

The symmetric part of A, called As, will lead to the same renormalization 
procedure as the case. Indeed, 

S(p{x)ip{y) = i {(p{x)ip{y) + (p{y)ip{x)) 

= \ + 'P{y)f{y) ~ ~ (p{y)) {^{x) - (^(y))} (2.8) 

which is the complex equivalent of l|2.24p . 

In the anti-symmetric part of A, called Aa, the linear terms i^V(^ do not com- 
pensate : 

A<f{x)tf{y) = i {^{x)Lp{y) - (^(y)<^(a:)) 

= ^('?(a;)(y - x) ■ Wip{x) ~ {y~x) ■ W(f{x)(p{x) 

+ l^ix){{y - x) ■ v)V(a^) - ^{{y ~ x) ■ w)^^{x)<f{x) 
1 /"^ 

+ -J ds{l - s)^^{x){{y - x) ■ Vfip{x + s{y - xj) 

- {{y - x) ■ Vf>f{x + s{y ~ x))^{x)^ . (2.9) 
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We decompose Aa into five parts following tlie Taylor expansion l|2.9p : 

Al+ ^ / dxdy <fi{x){y - x) ■ \'(p{x)S{x - y + iX) (2.10) 



Y[ duidwiCi{ui,wi) 
Y[ dueCe{ue,Xi,Ue,Wi) 



^iXQU+iURU+iUSW 



which is 



/ dx (p{x) a ■ V ip{x) duidwiCi{ 
Yl dueCeiue, X[, U'„ We) e'""^' 



Ul,Wl) 
U+iURU+iUSW 



where we performed the integration over y thanks to the delta function. The 
changes have been absorbed in a redefinition of Xi, Ue and Q. From now on Xi 
(and X) contain only x (if x is hooked to the branch b{l)) and we forget the 
primes for Q and Ue. We expand the function / defined in (|2.26p up to order 2 : 

= V'{x)ii-\'ipix) Yl duidwiCi{ui,wi) 

[f{o)+no)+ dt{i~t)f"{t)^ . (2.11) 

The zeroth order term vanishes thanks to the parity of the integrals with respect 
to the u and w variables. The first order term contains 

<fi{x)iif'V^,ip{x)iiXQU + m'{0)). (2.12) 

The first term leads to (il^Vi + ii^V2)'pix^U^ ~ x^U^) with the same kind of 
expressions for the two other dimensions. Due to the odd integrals, only the 
terms of the form {U^)^x^S/i — (C/^)^x^V2 survive. We are left with integrals 
like 

f{u]f H duidwiCi{ui,wi) II dueCe{ue,Ue,We) 6^''''''+''''''^ . (2.13) 

To prove that these terms give the same coefficient (in order to reconstruct a 
a;A V term), note that, apart from the (uj)^, the involved integrals are actually 
invariant under an overall rotation of the u and w variables. Then by performing 
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rotations of 7r/2, we prove that the counterterm is of the form of the Lagrangian. 
The d\'{0) and the remainder term in A^'^ are irrelevant. 
Let us now study the other terms in Aa. 

Al~ = - dxii-'V(p{x)(p{x) duidwiCi{ui,wi) 

n du,Cdui, X,, Ue, W,) e'^'^v^-^v^v^^vsw (2.14) 

Once more we decouple the external variables form the internal ones by Taylor 
expanding the function /. Up to irrelevant terms, this only doubles the x A V 
term in Al^ . 

Al+ = ^ f <p{x)iii-\/fipix) Yl duidwiCi{ui,wi) (2.15) 

TT du,Ci{ui,Ui,Wi) e^URU+rUSW ^(0)^ f\t / (t)) . 
leTi \ Jo J 

The /(O) term renormalizes the wave-function. The remainder term in l|2.15p is 
irrelevant. doubles the contribution. Finally the last remainder terms 
(the last two Hnes in l|2.9p ) are irrelevant too. This completes the proof of the 
perturbative renormaHzability of the LSZ models. 

Remark that if we had considered a real theory with a covariant deriva- 
tive which corresponds to a neutral scalar field in a magnetic background, the 
angular momentum term wouldn't renormalize. Only the harmonic potential 
term would. It seems that the renormaHzation "distinguishes" the true theory in 
which a charged field should couple to a magnetic field. It would be interesting 
to study the renormaHzation group fiow of these kind of models along the Hnes 

of Ell. 
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The simplest non commutative renormalizable field theory, the (p* model on 
four dimensional Moyal space with harmonic potential is asymptotically safe up 
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C.l Introduction 

Non commutative (NC) quantum field theory (QFT) may be important for 
physics beyond the standard model and for understanding the quantum Hall 
effect (25] . It also occurs naturally as an effective regime of string theory |20[ [51] . 

The simplest NC field theory is the (pf model on the Moyal space. Its pertur- 
bative renormalizability at all orders has been proved by Grosse, Wulkenhaar 
and followers [23 [291 HH [56] . Grosse and Wulkenhaar solved the difficult pro- 
blem of ultraviolet /infrared mixing by introducing a new harmonic potential 
term inspired by the Langmann-Szabo (LS) duality [30] between positions and 
momenta. 

Other renormalizable models of the same kind, including the orientable Fer- 
mionic Gross-Neveu model [32], have been recently also shown renormalizable 
at all orders and techniques such as the parametric representation have been 
extended to NCQFT [39]. It is now tempting to conjecture that commutative 
renormalizable theories in general have NC renormalizable extensions to Moyal 
spaces which imply new parameters. However the most interesting case, namely 
the one of gauge theories, still remains elusive. 
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Once perturbative renormalization is understood, the next problem is to 
compute the renormaHzation group (RG) flow. It is well known that the ordinary 
commutative cf)'^ model is not asymptotically free in the ultraviolet regime. This 
problem, called the Landau ghost or triviality problem affects also quantum 
electrodynamics. It almost killed quantum field theory, which was resurrected 
by the discovery of ultraviolet asymptotic freedom in non-Abelian gauge theory 

m- 

An amazing discovery was made in [37] : the non commutative (pf model 
does not exhibit any Landau ghost at one loop. It is not asymptotically free 
either. For any renormalized Grosse-Wulkenhaar harmonic potential parameter 
^ren > 0, the running ft tends to the special LS dual point flbare = 1 in the 
ultraviolet. As a result the RG fiow of the coupling constant is simply bounded 
0. This result was extended up to three loops in [38] . 

In this paper we compute the flow at the special LS dual point fl = 1, and 
check that the beta function vanishes at all orders using a kind of Ward identity 
inspired by those of the Thirring or Luttinger models [58l [59l [60] . Note however 
that in contrast with these models, the model we treat has quadratic (mass) 
divergences. 

The non perturbative construction of the model should combine this result 
and a non-perturbative multiscale analysis [53l El]. Also we think the Ward 
identities discovered here might be important for the future study of more sin- 
gular models such as Chern-Simons or Yang Mills theories, and in particular for 
those which have been advocated in connection with the Quantum Hall effect 

[ganidi]. 

In this letter we give the complete argument of the vanishing of the beta 
function at all orders in the renormalized coupling, but we assume knowledge 
of renormalization and effective expansions as described e.g. in [53], and of the 
basic papers for renormalization of NC (/)| in the matrix base [27l [291141] . 



C.2 Notations and Main Result 

We adopt simpler notations than those of [371 13H], and normaHze so that 
= 1, hence have no factor of tt or 9. 

The bare propagator in the matrix base at = 1 is 

A + m + n 

where A = 2 + /i^/4, m, n e N'^ (/i being the mass) and we used the notations 

6ml ^ 6rmhSm2h ^ TO + « = mi + 7712 + Til + 7l2 . (3.2) 

There are two version of this theory, the real and complex one. We focus on 
the complex case, the result for the real case follows easily [38] . 



^The Landau ghost can be recovered in the limit firen 0. 
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The generating functional is : 

Z{'n,fj) = J d<pd4> e-sW.«+^^(')^';,;<?» 
F{fj, T]; 4>, (j)) = 4>ri + fj(j) 

S'(0» = ^X</> + (/)X(^ + ^0000 (3.3) 

where traces are implicit and the matrix X„„ stands for mSmn ■ S is the action 
and F the external sources. 

We denote T'^{a,b,c,d) the amputated one particle irreducible four point 
function with external indices set to a, b, c, d. Furthermore we denote E(a, b) 
the amputated one particle irreducible two point function with external indices 
set to a, 6 (also called the self-energy). The wave function renormalization is 
1 - aE(0, 0) where 9E(0, 0) = 9lS = Or^ = £(1, 0) - S(0, 0) is the derivative 
of the self-energy with respect to one of the two indices a or 6 [38] • Our main 
result is : 

Theorem The equation : 

r^(0,0,0,0) = A(l - 9S(0,0))2 (3.4) 

holds up to irrelevant terms H to all orders of perturbation, either as a bare 
equation with fixed ultraviolet cutoff, or as an equation for the renormalized 
theory. In the latter case A should still be understood as the bare constant, but 
reexpressed as a series in powers of Xren ■ 



C.3 Ward Identities 

We orient the propagators from a to a (/). For a field 4>ab we call the index 
a a left index and the index, b a right index. The first (second) index of a 
allways contracts with the second (first) index of a </>. Consequently for (j>cd, c is 
a right index and d is a left index. 

Let U — e^^ with B a small hermitian matrix. We consider the "left" (as it 
acts only on the left indices) change of variable^ : 

0^ = 0C/;0^ = [/^<^ . (3.5) 

The variation of the action is, at first order : 

SS = (j)UXU^-(l)X^f=ii{(j)BX^-(l)XB^) 

= iB{X4)(t)-4)(t)X) (3.6) 

^Irrelevant terms include in particular all non-planar or planar with more than one broken 
face contributions. 

^There is a similar "right" change of variables, acting only on the right indices. 
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and the variation of the external sources is : 

6F = (j)r] — (j)ri + fjcjjU — f](l) !v —iBcpr] + if](j)B 

= iB{-^ + fj(j)). (3.7) 

We obviously have : 

'^In^ „ 1 f - SS SF . ^.p, , , 



5Bba Z{ri,ri) J SBba SBba' 

= J d^dct> e-^+^( - [X4><l> - 4><I>XU + [-h + n^l^U) ■ 

We now take dr,dfi\rj='i)=o on the above expression. As we have at most two 
insertions we get only the connected components of the correlation functions. 

=< d^d^{ - [X# - 4>cl>XU + [-4>ri + #]a6)e^(^"''')|o >c , (3.9) 
which gives : 

d{fi(l))ab d{4>rf) d{4)rf)ab d{f](t)) . t , 7, ^1 ^(M^iM > 
or] or] Of] Or] Or] or] 

= 0. (3.10) 

Using the explicit form of X we get : 

(«-»)< [#u^^>. 

9(#)a6 d{(pr]) ^ ^ d{6rf)ab djfjO) ^ 
Of] dr] " dr] Of] ^ 

and for fj^aVi^^ we get : 

(a-b) < [4>4']ab(pal3^nu >c=< 5al34>ocb4>tiv >c - < hn(t>au4>oip >c (3-11) 

We now restrict to terms in the above expressions which are planar with a 
single external face, as all others are irrelevant. Such terms have a = u, a = /3 
and h = ji. The Ward identity for 2 point function reads : 

{a-b) < [4i(i)\ab4>va4>bv >c=< (t>vb4>bv >c - < 4>av4>va >c (3-12) 

(repeated indices are not summed). 
Derivating further we get : 

{a-b) < [^4>]abdfi^ {f)4')dr,^ {4>v)dfi2 {r)4')dr,^ {4>v) >c= (3.13) 

< dn^{f]4>)dr,A4>'n)[dr!2{'n4')abdr,2{4>'n) - dr,2i4>V)abdfj2{V(l>)] >c +1 ^ 2 . 

Take fji ^a, Vi vn, m S-t and r]2 ap- We get : 

{a-b) < [4>(l>]ab4>ci04>tiv4>is4>pcr >c (3-14) 

= < 4'ap4'tii^SaS<t>fb4'p<T >c - < <t)al3<t'p.i^(t>lS4>aa5bp >c + 
< (lifS4>pa^al3<t>ab<t>ni' >c - < (I^'i5^pa<t>al34>avhti >c ■ 
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(a-b) 




Fig. C.l: The Ward identity for a 2p point function with insertion on the left 
face 

Again neglecting all terms which are not planar with a single external face leads 
to 

(a-b) < (l)aa[(t>(l)\ab(t>bv4>vS<t>Sa >c 

= < 4>ab(t>bv4>vS<t)Sa >c - < 4>aa<t>ay4>vS<f>Sa >c ■ 

Clearly there are similar identities for 2p point functions for any p. 

The indices a and b are left indices, so that we have the Ward identity with 
an insertion on a left fac(S as represented in Fig. IC.ll 

We conclude this section by several remarks on the real theory. If (j){x) is a 
real function then (j)ab is a hermitian matrix. The action and the sources are : 

S^(j)X(t>+^(j)\F = (l)Tj. (3.15) 

We perform the change of variables (preserving the hermitian character of 0) : 

= [/0C/t (3.16) 

with constant U a unitary matrix. A straightforward computation shows that 
the Jacobian of this change of variables is 1 and the reader can check that the 
method above gives Ward identities identical with those of the complex model. 

C.4 Proof of the Theorem 

We start this section by some definitions : we will denote G'*(m, n, fc, Z) the 
connected four point function restricted to the planar one broken face case, 
where m, n, k, I are the indices of the external face in the correct cyclic order. 
The first index m allways represents a left index. 



■^There is a similar Ward identity obtained with the "right" transformation, consequently 
with the insertion on a right face. 
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Similarely, G'^{m, n) is the connected planar one broken face two point func- 
tion with TO, n the indices on the external face (also called the dressed propa- 
gator, see Fig. IC.2|) . G^{m,n) and E(TO,n) are related by : 

G^{m, n) = ^ = , ^ ^ . (3.17) 

l-C™„S(TO,n) C™i-S(TO,n) ^ ' 



2 ^ 

G(m,n)= ^ 

Fig. C.2: The dressed and the bare propagators 

Gins{a, b; ...) will denote the planar one broken face connected function with 
one insertion on the left border where the matrix index jumps from a to b. With 
this notations the Ward identity l|3.12p writes : 

(a-b) G}^,{a,b-v) ^ G\b,v) ~ G\a,v) . (3.18) 

All the identities we use, either Ward identities or the Dyson equation of 
motion can be written either for the bare theory or for the theory with complete 
mass renormaHzation, which is the one considered in [38]. In the first case the 
parameter A in (|3.ip is the bare one, Abare and there is no mass subtraction. 
In the second case the parameter A in p.ip is Aren — Abare — S(0,0), and 
every two point IPI subgraph is subtracted at external indice^. Troughout 
this paper Bl will denote the derivative with respect to a left index and Or the 
one with respect to a right index. When the two derivatives are equal we will 
employ the generic notation d. 

Let us prove first the Theorem in the mass-renormalized case, then in the 
next subsection in the bare case. Indeed the mass renormalized theory used is 
free from any quadratic divergences, and remaining logarithmic sub divergences 
in the ultra violet cutoff can be removed easily by going, for instance, to the 
"useful" renormalized effective series, as explained in |38j . 

We analyze a four point connected function G"*(0, to, 0, m) with index to ^ 
on the right borders. This explicit break of left-right symmetry is adapted to 
our problem. 

Consider a (j) external line and the first vertex hooked to it. Turning right on 
the to border at this vertex we meet a new line (the slashed line in Fig. IC.3|) . 
The slashed line either separates the graph into two disconnected components 
(G(^-) and in Fig. lC.3P or not (G^g^ in Fig. lC.3p . Furthermore, if the slashed 
line separates the graph into two disconnected components the first vertex may 
either belong to a four point component (G^^-j in Fig. IC.3P or to a two point 
component {G%-, in Fig. IC.3p . 



^These mass subtractions need not be rearranged into forests since IPI 2point subgraphs 
never overlap non trivially. 
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We stress that this is a classification of graphs : the different components 
depicted in Fig. IC.3I take into account all the combinatoric factors. Further- 
more, the setting of the external indices to on the left borders and m on the 
right borders distinguishes the G^j^^ and G^2) from their counterparts "pointing 
upwards" : indeed, the latter are classified in G^g^ ! 

We have thus the Dyson equation : 

G''(0,TO,0,m) (3.19) 
= G^i) (0, m, 0, m) + G^2) (0> "i, 0, to) + Gf^^ (0, m, 0, to) . 

The second term, G^2); zero. Indeed the mass renormalized two point 
insertion is zero, as it has the external left index set to zero. Note that this is an 
insertion exclusively on the left border. The simplest case of such an insertion 
is a (left) tadpole. We will (naturally) call a general insertion touching only the 
left border a "generalized left tadpole" and denote it by T^. 

We will prove that G^-^^ + G^g-j yields = A(l — c?S)^ after amputation of 
the four external propoagators. 

We start with G^^^ . It is of the form : 

G^i)(0,m,0,TO) = AGo,„G2(0,to)GL(0,0;to). (3.20) 
By the Ward identity we have : 

Gvns (0, 0; m) = Imi G,„, (C, 0; to) = lim 

= -aLG2(0,TO). (3.21) 

Using the explicit form of the bare propagator we have dLC~^ — QrC"^ — 
dC~^ — 1. Reexpressing G^(0,to) by eq. I|3.17p we conclude that : 

G(,)(0,TO,0,TO) - AGo„.j^^^^^^^^Q^^^j^^_^^^^^Q^^^^2 

= A[G2(0,TO)]4-^^[l-9iS](0,TO)]. (3.22) 
G'^(U, to) 
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The self energy is (again up to irrelevant terms ([29]) : 

E(m, n) = E(0, 0) + (m + n)5S](0, 0) 
Therefore up to irrelevant terms (Cg^ — 111 + Arm) we have : 

1 1 



G-'(0,m) 



m + Abare - S(0, m) m[l - aS](0, 0)] + Ar 



and 



i-as(o,o) 



G2(0,m) ^ " ' m + Ar 

Inserting eq. I|3.25p in eq. I|3.22p holds : 

G^i)(0,m,0,m) = A[G2(0, m)]'^(l - 92(0, 0) + 
[l-9LS(0,m)]. 



-ai](o,o) 



(3.23) 



(3.24) 



(3.25) 



Ar 



-5E(0,0)) 



(3.26) 





— CT, 




Fig. C.4: Two point insertion and opening of the loop with index p 

For the G^g^ (0, m, 0, to) one starts by "opening" the face which is "first on 
the right". The summed index of this face is called p (see Fig. IC.Sp . For bare 
Green functions this reads : 



Gf;t'"'''(0, TO, 0, m) = Gom GI;^^'^''{p, 0; m, 0, to) 



'(3) 



P 



(3.27) 



When passing to mass renormalized Green functions one must be cautious. It 
is possible that the face p belonged to a IPI two point insertion in G^g^ (see 
the left hand side in Fig. IC.4|) . Upon opening the face p this 2 point insertion 
disappears (see right hand side of Fig. IC.4P ! When renormalizing, the counter- 
term corresponding to this kind of two point insertion will be substracted on 
the left hand side of eq. l|3.27p . but not on the right hand side. In the equation 
for Gfg-, (0, to, 0, to) one must therefore add its missing counterterm, so that : 



G(3) (0, TO, 0, to) = Go,„^G^„,(0,p;to,0,to) 



Go™(GT,„,t)G4(0,TO,0,TO). 



(3.28) 
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It is clear that not all IPI 2 point insertions on the left hand side of Fig. 
IC.4I will be "lost" on the right hand side. If the insertion is a "generalized left 
tadpole" it is not "lost" by opening the face p (imagine a tadpole pointing 
upwards in Fig lC.4l : clearely it will not be opened by opening the Hne). We will 
call the 2 point IPI insertions "lost" on the right hand side I]^(m, n). Denoting 
the generalized left tadpole we can write (see Fig IC.SP : 

I](m,n) =T^(m,n) + I]'^(m,n). (3.29) 

Note that as T^{in, n) is an insertion exclusively on the left border, it does not 
depend upon the right index n. We therefore have 9S(m,n) = 9/jE(m,n) = 
dii'S^ {m, n). 




E(m,n) T^(m,n) i: (m,n) 



Fig. C.5: The self energy 



The missing mass counterterm writes : 

CTz„,t = E^(0,0) = S(0,0)-T^. (3.30) 

In order to evaluate 2^(0,0) we proceed by opening its face p and using the 
Ward identity l|3.12p . to obtain : 

^""(0,0) = ^^1-^^gL(0,p;0) 

= g4:^E^[G^(0^0)-G^(p,0)] 



Using eq. (|3?28l) and eq. (|33T|) we have : 

G^3)(0,m,0,TO) = Com^G^„s(0,p;m,0, 



Co^G4(0,m,0,m)^Vl-^J|l^). (3.32) 



/P\ G2(0,0). 
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But by the Ward identity fSTTSl : 

Com^Gf„^(0,p;m,0,i 



33) 

The second term in eq. I|3.33p , having at least three denominators Unear in p, is 
irrelevant . Substituing eq. p.33p in eq . p.32p we have : 

G(3)(0,m,0,m) = Co™ — ^2(JyJ) — • (3-34) 

To conclude we must evaluate the sum in eq. (j3.34p . Using eq. I|3.24p we have : 

^ P ~p P 'g2(0,1) " G2(0,0)''l-aS](0,0) 

In order to interpret the two terms in the above equation we start by per- 
forming the same manipulations as in eq p.3ip for S^(0, 1). We get : 

where in the second equality the we have neglected an irrelevant term. 
Substituting eq. ([3T3T|) and eq. l(336l) in eq. l(335| we get : 

^ gHp, 0) _ s^(o, 0) - s^(o, 1) _ dnJ:^{o, 0) _ dm 0) 

^ p 1-9S(0,0) l-aE(0,0) 1-9S(0,0)'^' 

as duX'^ = dT,. Hence : 

G%JO,m,0,m) — — GomG*(0, m, 0, m) 



= -G 0,m,0,m)- — — — . 3.38) 

(TO + ylren)[l " al](0, 0)J 

Using (|3?26l) and l(338l) . equation ISTTOl) rewrites as : 

G4(0,m,0,m)fl + ^ f''^"^^^"'"^ ^"j (3.39) 

^ ' ' ' (m + A„„) [1~9S(0,0)]/ ^ ^ 

= a(g2(o, m))Vi - as(o, 0) + ai](o, o)) [i - aLS(o, m)] . 

We multiply p.39p by [1 — 9S](0, 0)] and amputate four times. As the differences 
r4(0, m, 0, m, ) - r4(0, 0, 0, 0) and Ol^, m) - 9lE(0, 0) are irrelevant we get : 

T^{0, 0, 0, 0) = A(l - ai](0, 0))2 . (3.40) 

□ 



^Any perturbation order of G {p, m, 0, m) is a polynomial in ln(p) divided by p . Therefore 
the sums over p above are allways convergent. 
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C.4.1 Bare identity 

Let us explain now why the main theorem is also true as an identity between 
bare functions, without any renormalization, but with ultraviolet cutoff. 

Using the same Ward identities, all the equations go through with only few 
differences : 

- we should no longer add the lost mass counterterm in l|3.28p 

- the term G'^^) longer zero. 

- equation l|3.25p and all propagators now involve the bare A parameter. 
But these effects compensate. Indeed the bare G^j) term is the left genera- 
lized tadpole S — S^, hence 

G^a) (0, "1, 0, m) = (^^^(^(O,™) - E^(0, m))G''(0, to, 0, m) . (3.41) 

Equation l|3.25p becomes up to irrelevant terms 

f-ibare A 1 

— P^^- — . = 1 - 9lS(0, 0) + 52p^aiS(0, 0) E(0, 0X3.42) 

The first term proportional to I](0, to) in p.4ip combines with the new term in 
l|3.42p . and the second term proportional to S^(0,to) in (|3.4ip is exactly the 
former "lost counterterm" contribution in (|3.28p . This proves (|3.4p in the bare 
case. 



C.5 Conclusion 

Since the main result of this paper is proved up to irrelevant terms which 
converge at least like a power of the ultraviolet cutoff, as this ultraviolet cutoff 
is lifted towards infinity, we not only get that the beta function vanishes in the 
ultraviolet regime, but that it vanishes fast enough so that the total fiow of the 
coupling constant is bounded. The reader might worry whether this conclusion 
is still true for the full model which has flren 1, hence no exact conservation 
of matrix indices along faces. The answer is yes, because the flow of Q towards 
its ultra-violet limit Q.bare = 1 is very fast (see e.g. [3^, Sect II. 2). 

The vanishing of the beta function is a step towards a full non perturba- 
tive construction of this model without any cutoff, just like e.g. the one of the 
Luttinger model [59l [62]. But NC 0| would be the flrst such four dimensio- 
nal model, and the only one with non logarithmic divergences. TantaHzingly, 
quantum fleld theory might actually behave better and more interestingly on 
non-commutative than on commutative spaces. 
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In this paper we investigate the Schwinger parametric representation for the 
Feynman ampHtudes of the recently discovered renormaUzable 4>f quantum field 
theory on the Moyal non commutative Mf^ space. This representation involves 
new hyperbolic polynomials which are the non-commutative analogs of the usual 
"Kirchoff" or "Symanzik" polynomials of commutative field theory, but contain 
richer topological information. 

D.l Introduction 

Non-commutative field theories (for a general review see [25]) deserve a tho- 
rough and systematic investigation. Indeed they may be relevant for physics 
beyond the standard model. They are certainly effective models for certain li- 
mits of string theory [20], [51]. What is often less emphasized is that they can 
also describe effective physics in our ordinary standard world but with non-local 
interactions, such as the physics of the quantum Hall effect [9]. 

In joint work with J. Magnen and F. Vignes-Tourneret [56], we provided 
recently a new proof that the Grosse- Wulkenhaar scalar theory on the Moyal 
space K^, hereafter called NC^I, is renormaUzable to all orders in perturbation 
theory using direct space multiscale analysis. 

The Grosse- Wulkenhaar breakthrough |27[ [29] found that the right propaga- 
tor in non-commutative field theory is not the ordinary commutative propagator, 
but has to be modified to obey Langmann-Szabo duality jSSlISQ]. Grosse and 

^e-mail : Razvan.Gurau@th.u-psud.fr; Vincent.Rivasseau@th.u-psud.fr 
2 Work supported by ANR grant NT05-3-43374 "GenoPhy". 
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Wulkenhaar added an harmonic potential which can be interpreted as a piece 
of the covariant Laplacian in a constant magnetic field. They computed the 
corresponding "vulcanized" propagator in the "matrix base" which transforms 
the Moyal product into a matrix product. They use this representation to prove 
perturbative renormalizability of the theory up to some estimates which were 
finally proven in |41) . 

Our direct space method builds upon the previous work of Filk [TT] who 
introduced clever simplifications, also called "Filk moves", to treat the com- 
bination of oscillations and d functions which characterize non commutative 
interactions. Minwalla, van Raamsdonk and Seiberg [265 computed a Schwinger 
parametric representation for the "not- vulcanized" $4 non-commutative theory. 
Subsequently Chepelev and Roiban computed also such a Schwinger parametric 
representation for this theory in [50] and used it in [24] to analyze power coun- 
ting. These works however remained inconclusive, since they worked with the 
vertex but not the right propagator of NC$|, where ultraviolet/infrared mixing 
prevents from obtaining a finite renormalized perturbation series. We have also 
been unable to find up to now the proofs for the formulas in \26\ 150]. which in 
fact disagree. 

The parametric representation introduced in this work is completely different 
from the ones of [5^ or [26], since it corresponds to the renormaHzable vulcanized 
theory. It no longer involves direct polynomials in the Schwinger parameters but 
new polynomials of hyperbolic functions of these Schwinger parameters. This is 
because the propagator of NC$| is based on the Mehler kernel rather than on the 
ordinary heat kernel. These hyperbolic polynomials contain richer topological 
information than in ordinary commutative field theory. Based on ribbon graphs, 
they contain information about their invariants, such as the genus of the surface 
on which these graphs live. 

This new parametric representation is a compact tool for the study of non 
commutative field theory which has the advantages (positivity, exact power 
counting) but not the drawbacks (awkwardness of the propagator) of the ma- 
trix base representation. It can be used as a starting point to work out the 
renormalization of the model directly in parametric space, as can be done in 
the commutative case |63j . It is also a good starting point to define the re- 
gularization and minimal dimensional renormalization scheme of NC<I>4. This 
dimensional scheme in the ordinary field theory case better preserves conti- 
nuous symmetries such as gauge symmetries, hence played a historic role in the 
proof of 'tHooft and Veltman that non Abelian gauge theories on commutative 

are renormalizable. It is also used extensively in the works of Kreimer and 
Connes [64^ [65] which recast the recursive BPHZ forest formula of perturbative 
renormalization into a Hopf algebra structure and relate it to a new class of 
Riemann-Hilbert problems ; here the motivations to use dimensional renorma- 
lization rather than e.g. subtraction at zero momentum come at least in part 
from number theory rather than from physics. 

Following these works, renormalizability has also attracted considerable in- 
terest in the recent years as a pure mathematical structure. The renormalization 
group "ambiguity" reminds mathematicians of the Galois group ambiguity for 
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roots of algebraic equations [66] . Finding new renormalizable theories may the- 
refore be important for the future of pure mathematics as well as for physics. 

This paper is organized as follows. In Section II we introduce notations and 
define our new polynomials HU and HV which generalize the Symanzik poly- 
nomials U and V of commutative field theory. In section III we prove the basic 
positivity property of the first polynomial HU and compute leading ultraviolet 
terms which allow to recover the right power counting in the parametric repre- 
sentation, introducing a technical trick which we call the "third Filk move" H. 
Section IV estabHshes the positivity properties and computes such leading terms 
for the second polynomial HV, the one which gives the dependence in the ex- 
ternal arguments. Finally examples of these polynomials for various graphs are 
given in section V. 

D.2 Hyperbolic Polynomials 

D.2.1 Notations 

The NC<i>4 theory is defined on equipped with the associative and non- 
commutative Moyal product 

(a * b){x) = J ^ J d^y a{x+\e-k) b{x+y) e"=-^ . (4.1) 



The renormalizable action functional introduced in [29j is 




where the Euclidean metric is used. In what follows the mass does not play 
any role so we put it to zerc0. 

In four dimensional a;-space the propagator is |36] 

7 A-1 [2^sinh(a0]^/=^ ■ ^ ' 

and the (cyclically invariant) vertex is : 

V{xi,X2,x-i,Xi) = 5{xi -X2+X3,- Xi)e^^<^<^<'^^-^^^^'^^''''^'^''' , (4.4) 

where we note x9^^y = |(a;i2/2 - X2yi + x^y^ - x^y^). 

Permutational symmetry of the fields at all vertices, which characterizes 
commutative field theory, is replaced by the more restricted cyclic symmetry. 
Hence the ordinary Feynman graphs of $4 really become ribbon graphs in NC<i>4 . 
For such a ribbon graph G, we call n, L, N, F, and B respectively the number 

^For technical reasons exact power counting was not fully established in [56] . 
■^This does not lead in this model to any infrared divergences. Beware that our definition 
of Q is different from the one of [29j by a factor 49~^ 
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of vertices, of internal lines, of external half-lines, of faces and of faces broken by 
some external half-lines. The Euler characteristic is 2 — 2g — n — L + F , where 
g is the genus of the graph. To each graph G is associated a dual graph G of 
same genus by exchanging faces and vertices. 

In ordinary commutative field theory, in order to obtain Symanzik's polyno- 
mials it is not convenient to solve the momentum conservation at the vertices 
through a momentum routing, because this is not canonical. It is better to ex- 
press these S functions through their Fourier transform. After integration over 
internal variables, the amplitude of an amputated graph G with external mo- 
menta p is, up to a normalization, in space time dimension D (of course the 
main case of interest in this paper is D = 4) : 

/-oo -VG{p,a)/UGia) 

Aa{p) = 6(£p)j^ ____n(e-™-daO. (4.5) 
The first and second Symanzik polynomials Uq and Vq are 

^G=En"'( E ^ (4-7) 

T2 /^T2 ieE(T2) 

where the first sum is over spanning trees T of G and the second sum is over two 
trees T2, i.e. forests separating the graph in exactly two connected components 
E{T2) and F(T2) ; the corresponding Euclidean invariant iJ2i£E{T2)Pi)'^ 
momentum conservation, also equal to (X]ie_F(T2) ^'j)^- 

The topological formulas l|4.6p and (|4.7p are a field-theoretic instance of the 
tree-matrix theorem of Kirchoff et al ; for a recent review of this kind of theorems 
see [67] . 

In the non commutative case, momentum routing is replaced by position rou- 
ting [56]. However this position routing is again non-canonical, depending on the 
choice of a particular tree. Therefore to compute the parametric representation 
we prefer to perform a new level of Fourier transform : we represent the "position 
conservation" rules as integrals over new "hypermomenta" Pv associated to each 
of the vertices : 

(4.8) 

where a is the D hy D matrix defined by D/2 matrices ay on the diagonal (we 
assume D even) : 

••■] where <Ty = (^^ . (4.9) 




There is here a subtle difference with the commutative case. The first com- 
mutative polynomial l|4.6p is not the determinant of the quadratic form in the 
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internal position variables, since this determinant vanishes by translation inva- 
riance. It is rather the determinant of the quadratic form integrated over all 
internal positions of the graph save one (remark the overall momentum conser- 
vation in (|4.5p ). This is a canonical object which does not depend of the choice of 
the particular vertex whose position is not integrated (this can be seen explicitly 
on the form l|4.6p . which depends only on G). 

In the non commutative case translation invariance is lost. This allows to 
define the amplitude of a graph as a function of the external positions by inte- 
grating over all internal positions and hypermomenta, since the corresponding 
determinant no longer vanishes. In this way one can define canonica/ polynomials 
HUg and HVg which only depend on the ribbon graph G. 

But in practice it is often more convenient (for instance for renormaliza- 
tion or for understanding the limit towards the commutative case) to define 
the amplitude of a graph by integrating all the internal positions and hyper- 
momenta save one, Pv ; this helps to factorize an overall approximate "position 
conservation" for the whole graph. However precisely because there is no trans- 
lation invariance, the corresponding polynomials HUg,v and HVg,v explicitly 
depend on the "rooted graph" G, v, i.e. on the choice of v (although their leading 
ultraviolet terms do not depend on this choice, see below). 

Consider a graph G with n vertices, N external positions and a set L of 
2n — N/2 internal fines or propagators. Each vertex in NC(/)^ is made of four 
"corners", bearing either a halfline or an external field, numbered as 1, 2, 3, 4 in 
the cycfic order given by the Moyal product. To each such corner is associated 
a position, noted Xi. The set / of internal corners has 4n — N elements, labeled 
usually as i, j, ... ; the set E of external corners has A'' elements labeled as e, e', .... 
A line I of the graph joins two corners in /, with positions {x\,x^j) (which in 
general do not belong to the same vertex). 

The amplitude of such a NCcj)'^ graph G is then given, up to some inessential 
normalization K, by : 



AG{{xe}) = K fUdx^Yldp,, (4.10) 

J I smhtt; ' J i<.i 



Z;i<i<j<4(-1) x^'.+p^crixl-xl+xl-xl) 



or, for some fixed root vertex v by 



n 



dm 



I sinhof; 



D/2 



n dx. n n e-^ t.nH'^)(x^.+x^,Y 
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D.2.2 Definition of HU and HV 

The fundamental observation is that the integrals to perform being Gaussian, 
the result is a Gaussian in the external variables divided by a determinant. This 
gives the definition of our hyperboHc parametric representation. We introduce 
the notations q = coth(^) = l/ti and t; — tanh(^). Using sinha; = 2i;/(l — 
tf) we obtain 



AG{{xe}) = K Y[[dai{l-t^)''/^]HUG{t)-''^\-^'^^, (4.12) 



AoAi^e}, P,) = K' / \{[dai{\ - tff/^]HUGAtr''^^e ""oM*^ (,4.13) 



where K and K' are some new inessential normalization constants (which absorb 
in particular the factors 2 from sinha; = 2ti/{l — tf)) ; HUcit) or HUG,v(t) are 
polynomials in the t variables (there are no c's because they are compensated by 
the t's coming from sinha; = 2i//(l — tf)) and HVG{t,Xe) or HVG,v{t, Xe,Pv) 
are quadratic forms in the external variables Xe or {xe,Pv) whose coefficients 
are polynomials in the t variables (again there are no c's because they are 
compensated by the t's which were included in the definition of HU, see below 
the difference between (|4.6ip and l|4.62p ). 

There is a subtlety here. Overall approximate "position conservation" holds 
only for orientable graphs in the sense of [5^. Hyperbolic polynomials for non 
orientable graphs are well defined through formulas (|4.12p - (|4.13p but they are 
significantly harder to compute than in the orientable case. Their amplitudes are 
also smaller in the ultraviolet, and in particular do not require any renormaliza- 
tion. Also many interesting non commutative theories such as the LSZ models 
[49] . the more general {(f>(j))^ models of [56^ and the most natural Gross-Neveu 
models [36], [32] do not have any non orientable subgraphs. So for simpHcity 
we shall restrict ourselves in this paper to examples of hyperbolic polynomials 
for orientable graphs ; and when identifying leading pieces under global scaling 
in the hyperbolic polynomials, something necessary for renormalization, we also 
Hmit ourselves to the orientable case. 

We now proceed to the computation of these hyperbolic polynomials. 

D.2.3 Short and Long Variables 

This terminology was introduced in ^J. 

We order each line I joining corners I — {i,j) (which in general do not belong 
to the same vertex), in an arbitrary way such that it exits i and enters j. We 
define the incidence matrix between lines and corners eu to be 1 if Z enters in 
V, —1 if it exits at i and otherwise. Also we define rju = \eu\. We note the 
property : 





H-VG_{i(t,Xe,p,,) 




(4.14) 
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We now define the short variables u and the long variables v as 

The Jacobian of this change of coordinates is 1. Moreover, in order to avoid 
unpleasant V2 factors we rescale the external positions to hold Xe = V^Xe and 
the internal hypermomenta Pv — Pv/^/2. Note that if the graph is orientable 
we can choose eu to be (—1)*"'"^, so that the incidence matrix is consistent with 
the cyclic order at the vertices (halfiines alternatively enter and go out). The 
integral in the new variables is : 



^-q coth(^)«f-§ tanh(^)t,? 



V 

J~J ^PvCrY.ievi-'^y^^(^l^'^i-^^l^'^i) (4.16) 

V 

where uj{i,e) — 1 if i < e and w(j,e) = — 1 if i > e. When we write i G w, it 
means that the corner i belongs to v. >From now on we forget the bar over the 
rescaled variables. We also concentrate on the computation of HUg,v in (|4.13p ; 
we indicate alongside the necessary modifications for HUg in l|4.12p . 
We introduce the condensed notations : 

Ag^ j [i^j^'/'da j dxdpe-9^G^' (4.17) 



where 



M 

X = {xe p u V p) , G = ( „ ) . (4.18) 



P' Q 

Gaussian integration gives, up to inessential constants : 



X, 



All we have to do now to get HU and HV is to compute the determinant 
and the minors of the matrix Q for an arbitrary graph. 



D.3 The First Hyperbolic Polynomial HU 

We define Id to be the identity matrix in D dimensions. We also put d — 
2L + n — 1 so that Q can then be written as : 



Q = A^lD+B^cr 



(4.20) 
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with ^ is a d by d symmetric matrix (accounting for the contribution of the 
propagators in the Gaussian) and B a antisymmetric matrix (accounting for 
the oscillation part in the Gaussian). 

Note that the symplectic pairs decouple completely so that detQ — [det(yl(g) 

Lemma D.3.1 For any two nx n matrices A and B let R — A® I2 + B ® Oy . 
Then : 

deiR = (-l)"dct(A + B)dci{A - B) (4.21) 

and : 

^ KA + Br'MA-Br^] ^ ^ nA^Br^-iA-sr'] ^ ^^^^^^ 

Proof We express the determinant as a Grassmann-Berezin integral : 

A = dct(A ® h + B ® ay) 

k 

Yl di^ld^l^ld^ld^ke-^''^^^^"^"^+^^'^"^^^^^ . (4.23) 



We perform a change of variables of Jacobian — 1 to : 
As : 



(4.24) 



2 

we see that : 



X\x] = T^i^li^l - #'^1 + ■ + ^- ^|), (4.25) 



A = (-1)" / ]^dXfcdXfcrfXfcrfXfce-["'^(^'''^'+^''^?^-''-^(^-'^^'-^-^?^J . (4.26) 
k 

Separating the terms in x^x^ cind X^X^ proves l|4.2ip . 

The inverse matrix is divided into 2x2 blocs with indices ij, according to 
the values a,b — 1, 2. 

ljD-l\ab _ J ^ ^ ^ -r -ri fj , , 

' J di^^dip^di^^di^^e-'^^'t' ' 
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The four elements of the blocs are given by (taking into account that the 
integral decouples so that all the crossed terms are zero) : 







+ x',) 




2 




ixl 


+ xl){x] 


-xj) 




2(-^) 




ixl 


-xDix]- 


+ xj} 


ixl 


2i 

-xDix] 


-xj) 



^.¥1 = -lix^X^+xlxj). (4.28) 

l|4.22p follows then easily. □ 
Returning to our initial problem we remark that the matrix A is the sym- 
metric part coming from the propagator, and the oscillating part, when symme- 
trized, leads naturally to an antisymmetric matrix B times the antisymmetric 
(jy, so that in our case 

detg = [dct{A + B){A- B)]^/^ 

= [dct{A + B)iA'+B')]^/'^ = [dct{A + B)f. (4.29) 

The propagator part is : 

/S 0\ 

^ = T (4.30) 
\0 0/ 

where S and T are the two diagonal L by L matrices with diagonal elements 
Q = coth(^) = l/^i, and ti = tanh(^), and the last lines and columns of zeroes 
reflect the purely oscillating nature of the hypermomenta integrals. 
The hypermomenta oscillations are (in the case of l|4.13p ) : 



Remark that the elements of C are integers which can take only values or ±1. 
It is easy to check that for a connected graph G the rank of the matrix C is 
maximal, namely n—1. Picking a tree of G proves that this is even true for the 
L by n lower part of C, corresponding to the long variables v only. 

To generalize to (|4.12p . we simply need to add another column to C, the 
one corresponding to Pv. The rank of the extended 2L by n matrix C is then n, 
but the rank of the restriction of G to its lower part corresponding to the long 
variables v is either n — 1 or n depending on whether the graph is orientable or 
not [56|- This has important consequences for power counting. 

The determinant of the quadratic form is the square of the determinant of 
the matrix A + B, where 

B = (^f o) . (4.32) 
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We can explicitate the oscillation part between the u, v variables as the 2L by 
2L matrix E. This matrix E = i ^,y„ j represents the vertices oscillations. 

One can check 

E E i-iy^'^'^ihj)siie,j, 

E E {-^y^'^'u;ii,j)eum'„ (4.33) 

where we recall that = 1 if i < j and uj{i,i) = — 1 if i > j ; moreover 

^u' — Remark that the matrix elements of E are integers and can in 

fact only take values 0,±1,±2. Moreover Ei^i is zero if I and I' do not hook to 
any common vertex ; it can take value ±2 only if the two lines hook to at most 
two vertices in total, which is not generic, at least for large graphs. 

Lemma D.3.2 Let A — {ai5ij)i j^^i js!^ he diagonal and B — (feij)^ ^^v} 
he such that bu ~ (we need not require B antisymmetric) . We have : 



^1,1' = 

TT^UU 

^LV = 

TT^UV 

^1,1' = 



det(A + B)= E det(B^)J|ai (4.34) 

ifC{l,...,Af} ieK 

where B^ is the matrix obtained from B by deleting the lines and columns with 
indices in K . 



Proof The proof is straightforward. We have : 

det{A + B)^ E ^'^ n i<^tT{i} + bicri^)) 
o-eSjv ie{i,...,N} 

= E E n £(^)&fe-w (4-35) 

Kc{l,...,N}ieK aeSjv ke{l,....N}\K 

and the lemma follows. □ 
In our case the matrix B = ( ^f^^ ^ j is antisymmetric. Remark that the 



matrix 



has integer coefficients. Moreover A in (|4.30p has zero diagonal in the n — 1 by 
n — 1 lower right corner corresponding to hypermomenta. Exploiting these facts 
we can develop det(A + B) into Pffafians to get : 
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Lemma D.3.3 With A and B given by (Jj^ and (132^ 
det{A + B)= (40f2)l^l+l''l+"-i-2L^2^ n n (4-3^) 

/C{1...-L},JC{L+1...2L}, /£/ l'£.J 

n+\I\ + \J\ odd 

with njj — Pf{B'~j), the Pffafian of the oscillation matrix with deleted lines and 
columns I among the first L indices ( corresponding to short variables u ) and J 
among the next L indices (corresponding to long variables v). 

Proof Since A has the form l|4.30p . the part K of the previous lemma has to 
be the disjoint union of two sets / and J respectively corresponding to short 
and long variables. Once these sets are deleted from the matrix B we obtain a 
matrix Bfj which has size 2L — |/| — | J| + rt — 1. This matrix is antisymmetric, 
so its determinant is the square of the corresponding triangular PfafEan. The 
Pfaffian of such a matrix is zero unless its size 2L — |/| — | J| +n — 1 = 2p is even, 
in which case it is a sum, with signs, over the pairings of the 2p lines into p pairs 
of the products of the corresponding matrix elements. Now from the particular 
form of matrix B which has a lower right block 0, we know that any pairing of 
the n — 1 hypermomentum variables must be with an u or w variable. Hence any 
pairing contributing to the Pfaffian has necessarily n — 1 terms of the C type, 
hence [{2L - \I\ - \ J\) - (n - l)]/2 terms of the E/'iOn type, hence 

= (4g»).-Jm+|./hi)/2 Pf(^/i) ■ (4.38) 

Therefore 

detiBjj) = ^^g^),^_'_|,|_|,|^, Pf^(i?;-j), (4.39) 

hence the Lemma holds, with nj^j = Pf{B'jj) which must be an integer since 
any Pfaffian with integer entries is integer. □ 

We have thus expressed the determinant of Q as a sums of positive terms. 

Recalling that detQ = {det{A + B))^ , the amplitude Ag,v{Q) with external 
arguments Xe and Pv put to is nothing but (up to an inessential normalization) 

AgAO) = / det{A + B)r^/' TT [L^f^'dai. (4.40) 
Jo ; ti 

Putting s = {46 fl)^^, we use the relation 2 — 2g — n — L + F and define the 
integer = |/| + | J| - i - F + 1 to get : 

HUcAt) = E^""""' ' "l^n^' n^'' ■ (4.41) 

I, J i^i I'eJ 

This is our precise definition of the normalization of the polynomial HUg,v in 
the variables i/ introduced in l|4.13p . This normalization is adapted so that the 
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Fig. D.l: The First Filk Move on the Sunshine Graph 

limit s ^ will give back the ordinary Symanzik polynomial at leading order 
as Vs go to (the ultraviolet limit), as shown in the next section. 

To get the polynomial HUg in (|4.12p . we proceed exactly in the same way, 
replacing C by C, and obtain that it is also a polynomial in the variables ti with 
positive coefficients, which (up to the factors in AOft) are squares of integers. 
But we will see that the leading terms studied in the next section will be quite 
different in this case. 

D.3.1 Leading terms in the First Polynomial HU 

By leading terms, we mean terms which have the smallest global degree in the 
t variables, since we are interested in power counting in the "ultraviolet" regime 
where all t's are scaled to 0. Such terms are obtained by taking |/| maximal 
and I J| minimal in l|4.37|) . We shall compute the leading terms corresponding 
to / = [1, L] hence taking all the c/ elements of the diagonal and J minimal 
so that the remaining minor is non zeroEI. Below we prove that such terms have 
I J| — F — 1, This explains the normalization in l|4.4ip . 

To analyze such leading terms we generalize the method of Filk's moves p7], 
defining three distinct topological operations on a ribbon graph. The first one 
is a regular "first Filk move", namely reduction of a tree line of the graph. This 
amounts to glue the two end vertices of the line (of coordination p and q) to 
get a "fatter" vertex of coordination p + q — 2. The new graph thus obtained 
has one vertex less and one line less. Since 2 — 2g = n — L + F, this operation 
conserves the genus. On Figure ID. II the contraction of the central fine of the 
Sunshine Graph (also pictured on Figure [D?7|) is shown. In the dual graph this 
operation deletes the direct tree line, as shown on Figure [021 

Iterating this operation maximally we can always reduce a spanning tree in 
the direct graph, with n — 1 lines, obtaining a rosette. We recall that a rosette 
is simply a ribbon graph with a single vertex. The rosettes we consider all have 
a root (i.e. an external line on v), and a cyclic ordering to turn around, e.g. 

^These are not the only globally leading terms ; there are terms whose global scaling is 
equivalent, for example the term in H4.84|l - H4.84|l . By the positivity of HU they can certainly 
not deteriorate the power counting established in this section, but only improve it in certain 
particular "Hepp sectors". 
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Fig. D.2: The First Filk Move on the dual of the Sunshine Graph 




Fig. D.3: A Rooted Rosette 



counterclockwise. We always draw the rooted rosette so that no Hne arches 
above the root. This defines uniquely a numbering of the halfiines (see Figure 
ID.3| where the arrows represent the former line orientation^. 

The second topological operation is the reduction of a tree Hne in the dual 
graph, exactly Hke the previous operation. Therefore it deletes this line in the 
direct graph. The resulting direct graph again keeps the same genus (remember 
that the genus of a graph is the same as the one of its dual) . Iterating these two 
operations maximally we can always reduce completely a direct tree with n—\ 
Hues and a dual tree with / — 1 lines. We end up with a graph which we call a 
superrosette, which has only one vertex and one face (therefore its dual has one 
vertex and one face and is also a superrosette) (see Figure [P^ . 

The third operation is a genus reduction on a rosette. We define a nice 
crossing in a rosette to be a pair of Hues such that the end point of the first 



For an orientable graph these arrows are compatible with the numbering, in the sense 
that halfiines with even numbers enter the rosette and halfiines with odd numbers exit the 
rosette. 
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Fig. D.4: A SuperRosette 



b c d 
Fig. D.5: The Third Filk Move 



is the successor in the rosette of the starting point of the other (in the natural 
cyclic order of the rosette). This ensures that the two Hues have a common 
"internal face". When there are crossings in the rosette, it is easy to check that 
there exists at least one such nice crossing, for instance lines 2-5 and 4-8 in 
Figure [EH 

The genus reduction consists in deleting the lines of a nice crossing and inter- 
changing all the halfiines encompassed by the first Hne with those encompassed 
by the second line, see Figure [PTSl This operation which we call the "third Filk 
Move'0 decreases the number of lines by two, glues again the faces in a coherent 
way, and decreases the genus by one. 

We need then to compute the determinant of B' matrices corresponding to 
reduced graphs of the type : 



'Eievi-'^y^h 







(4.42) 



As the graph is orientable and up to a possible overall sign we can cast the 
matrix into the form : 



(4.43) 



'^The second Filk move is the trivial simplification of non crossing lines in the rosette. 
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We claim : 

Lemma D.3.4 The above determinant is : 

- if the graph has more than one face, 

- 2^^ if the graph has exactly one face. 

Proof We reduce a tree. At each step we have a big vertex (the "rosette in 
the making") V and a small vertex v bound to ^ by a line I = which we 
contract. We then have at each step a Pfaffian JYidxidii^ where 

B' = ^Xi{ '^{i,3)susi'j + ^{i^j)^ii^i'j)xi' 

1,1' '^i^j'i'^ij^y *7^j;*)j€'i^ 

+ X!^'^'"^" • (^-^^^ 

l,v 

At each step we use a permutation to put I at the first place in the matrix. Note 
that this permutation has nothing to do with the ordering of the halflines. The 
terms containing xi or ipv at each step are : 

+Xi£i3'ipv -Y Y Xv^Vki'v ■ (4.45) 

We perform the triangular change of variables : 

XI = XI- £ij Y Y ^i"kXv (4-46) 

(" kev;kjtj 

ipv = EijtiJv + sliY i Y ^(''■'P)^i'p+ Y ^i'i''^)^i'k)xi' 

I' i^p'jPEV i<k\kEv 

Under this change of variable : 

B'l = Xl'^v -Y Y Xi"Sl"ki>v 

I" k^v.k^j 

= Xi-^v - £ii£ijYY^^"( Y Y ^{hP)£i"kei'p 

I" I' kev;kjtj peV;ijtp 

+ Y Y ^{hr)ev,k£Vr)xv (4-47) 

k^Vjk^j r^vj^r 

As I is orientable euSij = —1, so that the new term corresponds exactly to 
a new big vertex V where the ordered halflines k of the small vertex v replace 
the halfline i €: I. We continue this procedure until we have reduced a complete 
tree in our graph. The remaining PfafEan is of the form : 



B' = Y Y '^iiJ)^li^l'j)xi' 

l<l';lnl' iTtj;i,jeV 



(4.48) 
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where I < I' means that the starting halfline of I precedes the end halfline of /' 
in the final rosette vertex R. 

When two fines in the rosette do not cross, in both sums over i and j above 
the two endpoints of any of the two fines add and give zercH. Consider now 
two fines h = (ii,ji) and h — {12,32) which cross each other, i.e. such that 
ii < 12 < ji < 32- We have : 

\l\{.^lli\^l2i2 ~^ ^Ilil^l2j2 ^Iljl^l2j2 ^^IJl ^^2*2 )X^2 1 1 il ^^2 12 X/2 ' (4.49) 

Changing the variables xi suXi and writing ^ n Z' if ^ crosses I' we have : 
Y = E ■ (4.50) 

l<V;lnl' 

We perform a new simplification trick which we call the "third Filk move". 
We can pick two fines li and I2 which form a "nice crossing", i.e. the start of I2 
immediately precedes the end of li in the rosette. We define the variables : 

X/i = X/i + ^ XV ~ X! 

I'Kh-d'nh I">i2-i"ni2 

/'</i;/'n/i l">li;l"nli 

and get : 

X/1X/2 = X/iX(2-X/i X! Xi'+Xh X! 

/'</i;/'n/i /">/i;/"nii 

+ X! ^''^'2 - X! Xi"Xi2 (4-52) 
I'<l2;l'nl2 I">l2;l"nl2 

+( xi' - XI + ■ 

I'Khd'nh I">l2;l"nl2 l'<li:l'nli /">/i;i"n/i 

Denoting ^('jj^ all the terms which contain either h or I2 in B' and consistently 
denoting Ip the lines which cross h and Iq those which cross I2 we have : 

B'l.i^ = XliXh + Y ^'p ^ Y ^i^- Y ^'p 

Y Y + Y Y x'-p ■ ("^-s^) 

Iq<l2;lqr\l2 lp>h;lpnh Iqyh-.lqDh lj,>h;lj,nh 

Suppose that Iq is the first line crossing I2 and Ip is the last line crossing h. 
Suppose moreover that Iq < I2, Ip < h- When changing to the new variables we 
must add to the rosette factor a term of the first type in the above expression 
XiqXip- What is the effect of such a term? If Ip < Iq we have a crossing xipXiq 



^This is the content of the "second Filk move" of [17) . 
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and adding the above term gives zero. If Ip > Iq adding the extra term acts like 
a new crossing. In both cases this amounts to permute the endpoints of Ip and 
Iq. We can check that this holds in fact in all cases, and that by induction the 
extra terms in equation l|4.53p permute all the legs of Ip type with all the legs 
of Iq type. We conclude that : 



which is the content of our "third Filk move". 

With this change of variables in the Pfaffian we see that contracting the 
Hnes of the tree through first Filk moves, and reducing the genus on the rosette 
through third Filk moves, we end up with a final Pfaffian which is ±2^, taking 
into account the factors 2 in l|4.50p . hence a determinant which is 2^^. 

Suppose that the initial graph has L propagators, n vertices and F faces. We 
have 2 — 2g = n — L + F. We can reduce n—1 lines of a tree and g nice crossings. 
The remaining rosette will have Lrcst = F — 1 propagators, with no crossing. 
The only way for the remaining Pfaffian not to be zero is to have F — 1. This 
completes the proof of Lemma ID. 3. 41 □ 

Returning to the initial problem, we know that in order for the final graph 
to have a single face we need to reduce a tree T in the dual graph Q. So when / 
is maximal, J must contain a tree in Q. But J cannot be too big either, because 
the complement of J must contain a tree in G otherwise we cannot pair all 
hypermomenta variables. We say that J is admissible if 

- it contains a tree T in the dual graph 

- its complement contains a tree T in the direct graph 

- The rosette obtained by removing the lines of J and contracting the lines 
of r is a superrosette, hence has a single face. 

In particular if J is admissible, we have F — 1 < | J| < F — 1 + 2g, and 
kj — \J\ — F + 1 is even and obeys < kj < 2g. 
We have altogether proved that : 

Lemma D.3.5 Suppose I is maximal, i.e. contains all lines. The integer njj 
in ^4.41^ is non zero if and only if J is admissible, in which case nj j — 2"^^^^-' 

For / maximal and J admissible we have fc/ j — kj. Hence using positivity 
to keep the terms with maximal / that we have identified, we get 



>From this formula power counting follows easily by finding the leading terms 
under scaling of all t's to 0, which are the ones with minimal J. They correspond 
to J's which are trees in G, hence which have kj = 0. Keeping only these terms 
in l|4.55p we have the weaker bound : 



(4.54) 




(4.55) 





(4.56) 



J tree eg leJ 
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At D = 4, and for a graph of genus g with A'' external lines, using 2 — 2g = 
n + F — L and L — 2n — N/2, we get from (|4.56p at least a power counting in 
;\2g+(jv-4)/2^^^ so that we recover the correct power counting as function of the 
genu^. 

The commutative limit can be recovered easily as the limit s ^ 0, in which 
case only the terms with kj = 2g survive. These J's are exactly the complements 
of the trees in G so that HUc,v reduce to the usual commutative Symanzik 
polynomial Uq in the limit s ^ 0. 

It is interesting to notice that since s = 1/46*51 this limit s seems to 
correspond to — > oo. But this is an artefact of our conventions and use of 
the direct space representation. Indeed in the limit 9 ^ oo the vertex in x- 
space becomes the usual vertex in p-space of the commutative theory, whereas 
in the limit — > the vertex in a;-space becomes the usual vertex in x-space 
of the commutative theory ! This explains this paradox (remark that the usual 
parametric representation (|4.5p has p-space external variables) . 

Remark also that for planar graphs the complement of a tree in the dual 
graph is a tree in the ordinary graph, hence (|4.55p and (|4.56p are identical in 
this the sum over compatible J's reduce to a sum over trees of either G 

or G- 

The canonical polynomial HUq can be analyzed in a similar way, but there 
we need to take out one factor c, to pair to the additional hypermomentum 
in the PfafEan, so that |/| is at most L — 1; and the leading terms have one 
additional t factor when compared to HUg,v (see Section fP. 5 1 for examples). 

The power counting improvement in the number of faces broken by external 
fields is obtained after smearing external positions with smooth test functions. 
For this improvement we analyze now the second hyperbolic polynomial. 



D.4 The Second Hyperbolic Polynomial 

We analyse only the HVg,v polynomial, as the canonical HVg can be obtai- 
ned easily afterwards. The P matrix in (|4.18p - (|4.19p has elements : 

Pem = -E^/e^(*'e)e^^4f^ ' -f'^i = ~ X! ' (^•^'') 

Pep. =-E.;eeJ-ir+'n' (4-58) 

Note that all the elements of P are multiples of a. Upon transposition of P 
and multiplication we will recover a minus sign. Therefore the quadratic form 
in the external positions (and hypermomentum p) in (|4.19p is : 

(Xg PQ -P ^ ^ ^ '^eiPeirQ rr' Pe2T' -^€2 ^ei PeirQ rr' Pp'^' ^ 

-pPprQrl'Pe^r'Xei " pPprQrl' Ppr'P ■ (4.59) 

^We recall this power counting is understood easily in the matrix base representation 
[271 1291 Hi] , but was not fully derived up to now in direct position space [56j because the 
"third Filk move" was not performed there. 
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The inverse matrix of Q being of the form 

we conclude that the quadratic form has a real part given by the Id terms and 
an imaginary (oscillating) part given by the a terms : the power counting we 
are looking for can be deduced solely from the former. To ease the writing we 
generically denote the set Xejp by Xe- Also, let Pf(_B^-) be the PfafEan of the 
matrix obtained from B by deleting the Hues and columns in the set K, r, where 
again K = I U J can be decomposed according to short and long variables. We 
have the analog of (|4.37p : 



HVg,v 



Multiplying by the product of i's to compensate for the same product in 
HUg,v we get : 

Lemma D.4.1 The real part HVq\, of the quadratic form in the external po- 
sitions is : 



^'''^ = Hir~ E n [ E ^<=i E Pe.rSKrPHBj,,)] ' . (4.62) 



Proof : We represent the matrix elements QT-T'-(g,Ka Grassmann integrals. 
As {A + B) = {A- BY we have, for the first part of ^jiW^ : 

Q;r';mn = + B)'^, + [A - B)'^,) 



1 



(#dV')[V'rV^r' +V'r'1^r]e-'^(^+^)'^. (4.63) 



2det{A + B) 

We perform the Pfaffian change of variables (of Jacobian i) : 
and we get (recalling that d = 2L + n — 1) : 

As B is antisymmetric the crossed terms in B add to zero ; as A is diagonal 
the crossed terms are the only ones which survive. Reordering the measure and 
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developping the exponential term in A we get : 

2aet{A + B) I n(^'?^-^X.)*'[-«(Xr'^r +Xr7y.0]e-^(^^^+''^'')+^''^^ 

= 2det(] + i3) / n '^'^ n dx{-l)'^i-^) iXr'Vr + XrVr') 

En*"""^^'?^^^^"^^''''''^'""'^- (4.66) 

K i<£K 

Factorizing the sums over elements in A and reordering the variables we finally 
get : 

= 2det(A + i?) I^n ' ^ 

/ dv / ^^X n n ^^(Xr'Vr + Xr??r')e-'^'^^'^+''^^) ■ (4.67) 

Note that the last integrals are nonzero only if d — \K\ — 1 is even, which 
implies that the global sign in the above expression is always plus. The remaining 
Grassmann integrals can be expressed as : 

/ n dXc.l[x^Xre-^''''''=eKrP^{BJi,), (4.68) 

•' a = l...d ieK 

where £kt is the signature of the permutation 

1 . . . d —^ 1 . . .ii . . .ip . . .ir ■ ■ ■ dirip ■ ■ - ii . (4.69) 
We have then : 

-^^^ = detM+g^ ^ n «».£i^rPf (B^,)eK.'Pf(%,.) , (4.70) 
and the real part of the quadratic form is : 

ei,e2,r,T' ' ' K ieK 

= - dctM+i?) ^n E Pe.rSKrPfiB^". (4.71) 

^ ' K ieK ei T^K 

This ends the proof of (|M2]). □ 
Using similar methods one can prove that the imaginary part of the inverse 
matrix elements is : 

^ det(i+i3) ^ n aueKrr'mBi,,-,)eKmBi,) , (4.72) 
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and consequently the contribution to the quadratic form is : 

^ ' K ieK 

[ [Y.P-^-^^--''^^(^Kfr')Pe2T')xe,aXe,] • (4.73) 



ei,e2 rr' 



D.4.1 Leading terms 

The last step of our analysis is to find the leading terms in eq. I|4.62p . In 
order to do this one must find under which conditions Pfaffians like : 

SKrmBKr) = f H '^^^ IT Xarfi"^'^^^ , (4.74) 
•' a=l...d ieK 

are nonzero. 

A priori one can exploit the S functions associated with each external vertex 
to simplify the oscillating factor involving the external position. These manipu- 
lations do not have any effect on the form of HV but can be used to set some 
Pevi and Peu, to zero. This is always the case if our graph does not have any 
vertex with two opposite external points. We conclude that the power coun- 
ting behavior of the second polynomial should entirely be given by Pev^ and 
consequently by terms like : 

SKvPiiBj^^^J^ f H dxal[x^i'v^e-^>^''>^. (4.75) 

a = l...d ieK 

The reasoning is similar to that we used to find the leading contributions 
in the HUg,v We must find a nonzero Pfaffian multiplied by all the c's and 
the smallest number of i's possible, hence corresponding to K = I U J with 
/ = [1, ...L] maximal and J minimal. One could find a change of variables similar 
to those of lemma [p. 3. 41 but we will use here a slightly different approach. 

We introduce a dummy Grassmann variable 5" in the Pfaffian integrals, to 
have : 

eKvPf{B^^.J^ f H dxad^ ^l[x^i'v^e---^^^. (4.76) 

a = l...d ieK 

Next we exponentiate "^ipv^ and pass to the Pfaffian of a modified matrix B' 
(corresponding to a modified graph G"). The modified graph is obtained from 
G by adding a line Iq from to the root external line. Moreover, following the 
reasoning of lemma ID. 3. 41 we see that our Pfaffian is not modified if we impose 
that the dummy line is constrained to be a tree line in the direct graph G", 
i.e. has to pair with an hypermomentum variable. We then have a one to one 
correspondence between the leading term in HVg,v and the leading terms for 
the first polynomial of the modified graph HUg',v in which the dummy line 
is chosen as a tree line. 
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In order to conclude we need only to compute the genus of the modified graph 
G'. Suppose the external point Xe broke another face than the root external 
point. The dummy line we added will identify the two faces so that G" has 
n' = n, L' = L + 1, F' = F - 1 and n' - L' + F' = 2 - 2g', so that g' ^ g + 1. 
If, on the other hand, Xe broke the same face as the root halfline, the dummy 
line will part the latter in two different faces. We then have F' — F + 1 and 
consequently g' = g. 

We note that to any tree in G' constrained to contain the dummy line Iq 
there corresponds a two-tree T2 in G, that is a tree minus a line (by removing 
this dummy line). 

Therefore by Lemma III. 4 the Pfaffian we are considering is non zero only if 
the new reduced rosette, where the dummy line is contracted as a tree line, has 
exactly one face and 2g' lines. 

We obtain therefore the real part of Vg,v as a sum of positive terms and 
exact analogs of bounds (|4.55p and l|4.56p . We say that J is 2-admissible in G if 
J is admissible in G' and the dummy line Iq is in a tree of G' contained in the 
complement of J. 

Let G, be the graph obtained from G by deleting the lines in J and contrac- 
ting the two-tree T2. It has two faces, the one broken by the root and another 
one, Fj. This Fj contains typically the external points belonging to several bro- 
ken faces in the initial graph. The dummy line Iq will link this two faces, but 
the topological structure of G' is the same no matter which external points are 
chosen in Fj. We will therefore obtain a sum over all this possible choices. We 
conclude that the bound analog to l|4.55p is 

Hvi,,{x,)> J2 i2sr^'~'''Y[u[Y,i-ir^er ■ (4.??) 

J 2— admissible in G l^J e^Fj 

The analog of l|4.56p is 

Hvi^.ix,) > J2 c^-'f^'Uti [J2i-^r^er . (4.78) 

J tree in G' leJ eeFj 

This bound is the one useful to extract the power counting in the broken faces. 
Indeed when integrating the remaining external variables against fixed test func- 
tions and scaling each t variable by A ^ 0, we recover the full exact power 
counting of G namely in dimension D — A the scaling \'^3+iB-i)+(N-4)/2^-^_ 
Indeed each broken face leads to a term in e~t'^=+- - ' for some external variable 
Xe of the broken face, hence to an improved factor A when integrated against a 
fixed test function. 

It is also possible to recover the second Symanzik polynomial as s ^ in 
l|4.77p ; indeed for kj = 2g' , we find that J is the complement of a tree in G' 
containing Iq, hence of a two-tree in G. Moreover, in this case the face Fj will 
be the external face of the conected component E(T2) G T2 not containing the 
root, and we recover the known invariant (J2e£E{T2)(~'^y~^^^<^)'^ ■ 

It remains to discuss the case with special "diagonal" vertices, that is with 
opposite external arguments as in Figure ID. 91 In this case bounds (|4.77p and 
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l|4.78p still hold because although there is a sum of two PafEans in Lemma 
ID.4.H they cannot add up to ; they correspond to graphs G[ (of the same 
kind as before) and G2 (of a new type, with one line erased) with genuses g[ 
and g'2 = g'l ~ I. These Pfafians have the same scaling in s because there is an 
additional s for G'2 coming from formula (|4.57p . but they have not the same 
power of 2 hence their sum cannot be zero again ! 

There is another modification : the alternate sum over a face no longer appear 
in l|4.77p and in l|4.78p if the root vertex itself is of this diagonal type which is 
the case for the "Broken Bubble" graph of Figure \DM These modifications do 
not affect the power counting and their verification is left to the reader. 



D.5 Examples 

In this section we give the exact expressions for several of our polynomials. 
We recah that s = {AOn)-^. 




Fig. D.6: The Bubble graph 



We start by the bubble graph, Figure [P^ : 



HUg,v 

HUg 
HVg 



= [l + As^){ti + t2 + tlt2 + titl) , 



= tt 



P2 + 2s{xi - Xi) 



+t 



+ tlt2 
1 



2p2 + (l + 16.54) (a;i-.T4)2 



P2 + 2s(xi — 

4(tl+t2)', 

(1 + 4.s2) (a;i - 2:4 + yi - VAfiti + ^2) 

+ (xi - X4 - + y4)^(tlt2 + ^2*?) • 



(4.79) 



The first two terms in HUg,v are the leading ones we previously exhibited. 
For the HVg,v we see that the scahng of the quadratic form will be in 0(1), 
which was expected as we do have only one broken face. Furthermore HUg 
scales in i^, as expected, and the first term in the quadratic form HUg /HVg is 
exactly the required one to reconstitute the S function on the external legs in 
the UV region. The term tit2{xi ~ x^)^ in HVg,v is one of the leading terms 
previousely computed. It comes from the graphs G' in which either xi or x^ are 
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linked to the root by the dummy line, and both lines 1 and 2 are chosen in the 
set J in G' ■ 

Then comes the sunshine graph Fig. ID.7I : 



1 




Fig. D.7: The Sunshine graph 



HUg,v 



tit2 + ilts + ^2^3 + ^1^2^3 + il^2^3 + ^li2^3 



(1 + 8s2 + 165^) 



2 "T ''l'-3^ ' 



HUg = ^1*2^3(1 + 6454) 



(4+ 165^ 



(4.80) 



Here we identify also the leading contributions in HUg,v, and the extra 
scaling factor in the HUg- 

For the nonplanar sunshine graph (see Fig. ID.SP we have : 




Fig. D.8: The Non-planar Sunshine graph 



HUg,v 



tl<2 + ^1^3 + ^2/^3 + titltz + ^1^2^3 + ^li2^3 



+4s' 



(1 + 8s2 + 16s^) 

i + t{ + ti + t{ti + ti + tm + t'^tt + 444] , 



HUg = 4 



4it2 + ts) + hh{t2 + ^3) + ^1(^2 + 'ihh + ^3) 



+16s" 



ti+t2+h+ ti44 + 4t2hit2 + ^3) + 64tit2t3s''(4.81) 



We note the improvement in the genus, as both HUg,v and HUg,v scale in 
with respect to there planar counterparts. 
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Fig. D.9: The Broken Bubble Graph 



For the broken bubble graph (see Fig. ID.9P we have : 



HUg.v 
HVg,v 



{\ + As'^){ti + t2 + 1% + htl) , 



P2 + 2s{x3. - yi) 



-tlt2 



Wyi + 2{p2 - 2syiY + {xi + xsY + IGs^ixi - xaf 
^2 



HUg 
HVg 



+tl44s^{xi-y2) 

4{h+t2f, (4.82) 
(^1 + h) {V2 +yi-xi- xzY + 4s^(y2 -yi-xi- 8x3) 

+ {tlt2 + htl) {y2 + y4 + xi+ xsf + As^{y2 -yi + xi+ ?,X3,f 

Note that HUg,v and HUg are identical with those of the bubble with only 
one broken face. It is natural, as the amelioration in the broken faces for a given 
graph can be seen only in the HVg,v and HVg- Take HVg- We see that we 
have two linear combinations which in the UV region become an approximate 
S function, whereas in the bubble graph with one broken face we had only 
one, therefore giving us the improvement in the broken faces. Similarely for 
the HVg.v we see that for the broken bubble we have three independent linear 
combinations which scale in t~-^ whereas for the bubble with only one broken 
face we only had two. The term ^1^2(2^1 +2^3)^ in HVg,v is one of those computed 
in the previous section. Even if the two external points xi and xz do not belong 
to the same face they still appear summed, as we can chose the root halfline to 
be either j/2 and 2/4 and we must add the contributions for each choice. This is 
an example of the slight modifications generated by the presence of "diagonal" 
vertices. 

Finally, for the half-eye graph (see Fig. ID.10|) , we start by defining : 



^24 — iliz + tit^t^ + ii^s^I + titzt^A ■ 



(4.83) 



The HUg.v polynomial with fixed hypermomentum corresponding to the vertex 
with two external legs is : 

(A24 + An + A23 + + Ai2)(l + 8s2 + 16s^) 
+tii2t3i4(8 + IGs^ + 256s*) + Uit2tl + Uit2tl 

+ 16s2(t2 + ^ ^2^2 ^ ^2^2^2) _^ Ms^{tit2tl + tit2tl) , 



172 



ANNEXE D. NCQFT PARAMETRIC REPRESENTATION 




Fig. D.IO: The Half-Eye Graph 



whereas with another fixed hypermomentum we get : 

HUg,v, = {A24 + Au + A23 + Ais + Ai2){l + Ss^ + I6s*) 

+^1^2^3*4(4 + 32s^ + 64s"*) + 32s^tit2tl + 825^*1^2^4 
+1652(^2 _|_ tltj + 44 + 444) . (4.84) 

Note that the leading terms are identical, the choice of the root perturbing 
only the non-leading ones. Moreover note the presence of the 4 term. Its pre- 
sence can be understood by the fact that in the sector ti, ^2, ^4 > ^3 the subgraph 
formed by the lines 1,2,4 has two broken faces. This is the sign of a power coun- 
ting improvement due to the additional broken face in that sector. To exploit 
it, we have just to integrate over the variables of line 3 in that sector, using the 
second polynomial HVg',v for the triangle subgraph G' made of lines 1, 2, 4. 

Finally the canonical HUg polynomial is : 

hug = {4: + i6s^){4t3 + ti4 + 4t3 + t24 + tit4 + ti4 + 4t'i + t24 

+^3*4 + t34 + ^1*2*3 + tl4^3 ~^ ^1*2*4 + ti44 + ^1*2^3*4 

+44^1.4) + (8 + 2,2s'^){tit2h + tit2U + ht24U + ^1^2*3*4) 
+(12 + Us^){tit-iU + t2hU + 4t2hU + ti4hU) ■ (4.85) 
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Annexe E 



Dimensional renormalization 



Using the recently introduced parametric representation of non-commutative 
quantum field theory, we implement here the dimensional regularization and 
renormalization of the vulcanized $4^ model on the Moyal space. 

Keywords : non-commutative quantum field theory, dimensional regulariza- 
tion, dimensional renormalization 

E.l Introduction and motivation 

Non-commutative geometry (see [22|) is one of the most appealing frame- 
works for the quantification of gravitation. Quantum field theory (QFT) on 
these type of spaces, called non-commutative quantum field theory (NCQFT) - 
for a general review see ^25ii69j- is now one of the most appealing candidates for 
new physics beyond the Standard Model. Also, NCQFT arises as the effective 
limit of some string theoretical models [ 20[ [51] . 

Moreover, NCQFT is well suited to the description of the physics in back- 
ground fields and with non-local interactions, like for example the fractional 
quantum Hall effect PfTOlfTT]. 

However, naive NCQFT suffers from a new type of non renormalizable di- 
vergences, known as the ultraviolet (UV) / infrared (IR) mixing. The simplest 
example of this kind of divergences is given by the nonplanar tadpole : it is UV 
convergent, but inserting it an arbitrary number of times in a loop gives rise to 
IR divergences. 

Interest in NCQFT has been recently revived with the introduction of the 
Crosse- Wulkenhaar scalar <i>|^ model, in which the UV/IR mixing is cured : the 
model is renormalizable at all orders in perturbation theory \27\ [29] . The idea 
of Grosse- Wulkenhaar was to modify the kinetic part of the action in order to 
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satisfy the Langmann-Szabo duality f30] (which relates the infrared and ultra- 
violet regions). We refer to this modified theory as the vulcanized $4'* model. 

A general proof, using position space and multiscale analysis, has then been 
given in [56] , and the parametric representation of this model was computed in 
|39) . Furthermore, it was recently proved that that the vulcanized $4^ is better 
behaved than the commutative model : it does not have a Landau ghost 

[aiiiMlEni. 

In commutative QFT dimensional renormalization is the only scheme which 
respects the symmetries of gauge theories see |7H [72j [73] . It also is the appro- 
priate setup for the Connes-Kreimer Hopf algebra approach to renormalization 
(see [Ml El] for the case of commutative QFT). 

A second class of renormalizable NCQFT exists. These models, called co- 
varinat, are characterized by a propagator which decays in position space as 
X — y tends to infinity (like the Grosse-Wulkenhaar propagator of eq. (|5.8p ) 
but it oscillates when x + y goes to infinity, rather than decaying. In this class 
of NCQFT models enters the non-commutative Gross-Neveu model and the 
Langmann-Szabo-Zarembo model 09]. The non-commutative orientable Gross- 
Neveu model was proven to be renormalizable at any order in perturbation 
theory [32] . The parametric representation was extended to this class of models 
|40) . For a general review of recent developments in the field of renormalizable 
NCQFT see [75]. 

The parametric representation introduced in [39| is the starting point for 
the dimensional regularization and renormalization performed in this paper. 
Our proof follows that of the commutative $4^ model, as presented in [7l|[72]. 

This paper is organized as follows. Section IE. 21 is a summary of the para- 
metric representation of the vulcanized $4"* model. The non-commutative equi- 
valent HUq and HVq of the Symanzik polynomials Ug and Vq are recalled. 
In section Ie31 we prove the existence in the polynomial HUg of some further 
leading terms in the ultraviolet (UV) regime. This is an improvement of the 
results of [39|, needed to correctly identify the meromorphic structure of the 
Feynman amplitudes. In section lETil we prove the factorization properties of the 
Feynman amplitudes. These properties are needed in order to prove that the 
pole extraction is equivalent to adding counterterms of the form of the initial 
lagrangean. This factorization is essential for the definition of a coproduct A 
necessary for the implementation of a Hopf algebra structure in NCQFT [76] . 
Section [E. 51 uses the results of the previous sections to perform the dimensional 
regularization, prove the counterterm structure for NCQFT and complete the 
dimensional renormalization program. Section [R6l is devoted to some conclusion 
and perspectives. 

E.2 The non-commutative model 

In this section we give a brief overview of the Grosse-Wulkenhaar model. 
Our notations and conventions as well as some notions of diagrammatics and 
the results of the parametric representation follow [39] . 
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To define the Moyal space of dimension D, we introduce the deformed Moyal 
product ★ on so that 



where the the matrix Q is 



e 



/o e 

9 



(5.1) 



V 



e 

-0 0/ 



(5.2) 



The associative Moyal product of two functions / and g on the Moyal space 
writes 



(/*5)(^) = 



1 



d''yf{x + ^e-k)g{x + y)e'''-y 

d^yd^z fix + y)g{x + z)e-'^'y^'' . (5.3) 



TT^Idetei 

The Euclidian action introduced in [29] is 

Jd^x Qa^0 * d^'^ + ^(i^</)) * (5^0) + * , 

where 

x^ — 2(0 ^^fX 
The propagator of this model is the inverse of the operator 



(5.4) 



(5.5) 



(5.6) 



The results we estabHsh here hold for orientable models (in the sense of sub- 
section IE.2.ip . This corresponds to a Grosse-Wulkenhaar model of a complex 
scalar field 



5-= / d^xl ^5^0*a''<?!)+ ^(i^0)*(i^ (/.) + <?!)★ 0* 0,^0 



(5.7) 



Introducing Cl = 2fl/9, the kernel of the propagator is (Lemma 3.1 of [36]) 



Cix,y) 



flda 



[27rsinh(a)]^/2 



-S coth(f tanh(f 



(5.8) 



Using eq. (|5.3p the interaction term in eq. (|5.7p leads to the following vertex 
contribution in position space (see ^56j 



S{xi - X2+X3- Xi)e^^^^<'< 



(5.9) 
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with Xi,. .. ,X4 the 4— vectors of the positions of the 4 fields incident to the 
vertex. 

To any such vertex V one associates a hypermomentum pv using the relation 

6{x, -X2 + X3-X4)^ J _gl_eP--(-i--^+-3--4) (510) 

E.2.1 Some diagrammatics for NCQFT ; orientability 

In this subsection we introduce some useful conventions and definitions, some 
of them used in [56] and [36] but also some new ones. 

Let a graph G with n{G) vertices, L{G) internal fines and F{G) faces. The 
Euler characteristic of the graph is 

2^2g{G)^n{G)-L{G) + F{G), (5.11) 

where g{G) € N is the genus of the graph. Graphs divide in two categories, 
planar graph with g{G) — 0, and non-planar graphs with g{G) > 0. Let also 
B{G) denote the number of faces broken by external lines and N{G) be number 
of external points of the graph. 

The "orientable" form eq . (|5.9p of the vertex contribution of our model allows 
us to associate "+" sign to a corner (j) and a "-" sign to a corner (p of the vertex. 
These signs alternate when turning around a vertex. As the propagator allways 
relates a ^ to a 0, the action in eq. I|5.7|l has orientable lines, that is any internal 
fine joins a "-" corner to a "+" corner 

Consider a spanning tree T in G. In has n — 1 fines and the remaining 
L — {n — 1) lines form the set C of loop lines. Amongst the vertices V one 
chooses a special one Vq, the root of the tree. One associates to any vertex V 
the unique tree line which hooks to V and goes towards the root. 

We introduce now some topological operations on the graph which allow one 
to reexpress the oscifiating factors coming from the vertices of the graph G. 

Let a tree line in the graph £ = and its endpoints i and j. Suppose it 
connects to the root vertex Vq at i and to another vertex F at j. In Fig lE.H 
£2 is the tree fine, 2/4 is i and xi is j. The first Filk move, inspired by [l7j, 
consists in removing such a line from the graph and gluing the two vertices 
together respecting the ordering. Thus the point i on the root vertex is replaced 
by the neighbors oi j on V. This is represented in Fig. IE. II where the new root 
vertex is y2,y3,X4:,xi,X2,yi- 

Note that the number of faces or the genus of the graph do not change under 
this operation. 

A technical point to be noted here is that one must chose the field j on the 
vertex V to be either the first (if the line i enters V) or the last (if the line i 
exits V) in the ordering of V. Of course this is allways possible by the use of 
the S functions in the vertex contribution. 

Iterating this operation for the n — 1 tree fines, one obtains a single final 
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Fig. E.l: The first Filk move : the Hne 2 is reduced and the 2 vertices merge 




Fig. E.2: Two rosettes obtained by contracting a tree via the first Filk 

vertex with all the loop lines hooked to it - a rosette (see Fig. IE.2P . 

The rosette contains all the topological information of the graph. If no two 
lines cross (on the left in Fig. IE.2P the graph is planar. If on the contrary we 
have at least a crossing (on the right in Fig. IE.2P the graph is non planar (for 
details see [39j). 

For a nonplanar graph we define a nice crossing in a rosette as a pair of lines 
such that the end point of the first is the successor in the rosette of the starting 
point of the other. A genus line of a graph is a loop Hne which is part of a nice 
crossing on the rosette (lines 2 and 4 on the right of Fig. IE.2p . 

In the sequel we are interested in performing this operation in a way adapted 
to the scales introduced by the Hepp sectors : we perform the first Filk move only 
for a subgraph S (we iterate it only for a tree in S). Thus, the subgraph S will 
be shrunk to its corresponding rosette inside the graph G. If S is not primitively 
divergent we have a convergent sum over its associated Hepp parameter. 

We will prove later that S is primitively divergent if and only if g{S) ~ 0, 
B{S) — 1, N{S) — 2,4. For primitively divergent subgraphs the first Filk move 
above shrinks S" to a Moyal vertex inside the graph G. 

For example, consider the graph G of Fig. IE. 31 and its divergent sunshine 



^The orientability of our theory allows us to simplify the proofs. It should however be 
possible, although tedious, to follow the same procedure for the non orientable model. 
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subgraph S given by the set of Hnes £4, £5 and £q. Under the first Filk move for 
the subgraph S, G will have a rosette vertex insertion like in Fig. IE.4[ Denote 
G — S graph G with its subgraph S erased (see Fig. IE.5|) . It becomes the graph 
G/S with a Moyal vertex like in Fig. MM 



4 




Fig. E.3: A graph containing a primitive divergent subgraph given by the lines 
£4, £5 and £e 




Fig. E.4: The graph G with S reduced to a rosette 




Fig. E.5: The graph G — S obtained by erasing the lines and vertices of the 
primitive divergent subgraph S 

In the commutative case, this operation corresponds to the shrinking of S 
to a point : it represents the "Moyality" (instead of locality) of the theory. 

E.2.2 Parametric representation for NCQFT 

In this subsection we recall the definitions and results obtained in [39] for the 
parametric representations of the model defined by eq. (|5.7p . First let us recall 
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Z4 Z3 




Fig. E.6: The graph G/S obtained by shrinking to a Moyal vertex the sunshine 
primitive divergent subgraph S 

that, when considering the parametric representation for commutative QFT, 
one has translation invariance in position space. As a consequence of this inva- 
riance, the first polynomial vanishes when integrating over all internal positions. 
Therefore, one has to integrate over all internal positions (which correspond to 
vertices) save one, which is thus marked. However, the polynomial is a still a 
canonical object, i. e. it does not depend of the choice of this particular vertex. 

As stated in [39j, in the non-commutative case translation invariance is lost 
(because of non-locality) . Therefore, one can integrate over all internal positions 
and hypermomenta. However, in order to be able to recover the commutative 
limit, we also mark a particular vertex ; we do not integrate on its associate 
hypermomenta py. This particular vertex is the root vertex. Because there is 
no translation invariance, the polynomial does depend on on the choice of the 
root ; however the leading ultraviolet terms do not. 

We define the (L x 4)-dimensional incidence matrix for each of the vertices 
V. Since the graph is orientable (in the sense defined in subsection IE. 2. II above) 
we can choose 

e^i — (—1)*^^, if the line i hooks to the vertex V at corner i. (5.12) 
Let also 

vl = \ell V^=l,...,n, £=l,...,Landi = l,...,4. (5.13) 
From eq . (|5.12p and l|5.13p one has 

ryi: = i-iy+hu. (5.14) 
We introduce withe the "short" u and "long" v variables by 

^ V i 

ut = ^^^^xf. (5.15) 

Conversely, one has 

= (Vuve + £(^u^) . (5.16) 
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From the propagator 15.81 and vertices contributions 15.91 one is able to write 
the amplitude Aq y of the graph G (with the marked root V) in terms of the 
non-commutative polynomials HUq y ^^G,v (^^e [3^ for details) 

AaM^e, Pv) = / \{[dU{l - 77— (5-17) 

with the external positions of the graph and 

U = tanh-^, ^= 1,. ..,L. (5.18) 



where ae are the parameters associated by eq. I|5.8p to the propagators of the 
graph. In [39] it was proved that HU and HV are polynomials in the set of 
variables t. The first polynomial is given by (see again [39]) 

L 

HUay^{detQ)iY[ti, (5.19) 

e=i 

where 

Q ^ A(S1d~ B(E)a, (5.20) 
with A a diagonal matrix and B an antisymmetric matrix. The matrix A writes 

fS 0\ 

A = T , (5.21) 
\0 0/ 

where S" and resp. T are the two diagonal Lhy L matrices with diagonal elements 
ci — coth(^) ~ 1/ti, and resp. tg. The last (n — 1) lines and columns are have 
entries. 

The antisymmetric part B is 



with 



and 



2 _ 1 



(5.23) 



^ ^ ' i?*^" iJ"'^ ' ' (5.25) 
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The blocks of the matrix E are 

4 

^e} = EE(-l)*^'^''^(*'^')^^^'?^'^r (5-26) 

The symbol uj{i,j) takes the values = 1 if z < j, uj{i,j) = —I is j < i 

and ui{i,j) = if i = j. In eq. (|5.24p of the matrix C we have rescaled by s 
the hypermomenta pv- For further reference we introduce the integer entries 
matrix : 

^ (_^. . (5.27) 

In [39] it was proven that 

detO = (detM)^ , (5.28) 

where 

M = A + B. (5.29) 

Thus eq. (|5.19p becomes : 

L 

HUay = detM J| i<> . (5.30) 

1=1 

Let / and resp. J be two subsets of {1, ... , L}, of cardinal |/| and | J|. Let 

fc/,j = |/| + |J|-i-J^ + l, (5.31) 

and nij — Pf(i3|j), the Pffafian of the matrix B' with deleted lines and columns 
/ among the first L indices (corresponding to short variables u) and J among 
the next L indices (corresponding to long variables v). 

The specific form 15.211 allows one to write the polynomial HU as a sum of 
positive terms : 

I, J i^i I'eJ 

In [39], non-zero leading terms {i. e. terms with the smallest global degree 
in the t variables) were identified. These terms are dominant in the UV regime. 
Some of them correspond to subsets I — {1, . . . ,L} and J admissible, that is 
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- J contains a tree T in the dual graph, 

- the complement of J contains a tree T in the direct graph. 



Associated to such / and J one has 



= 229. 



However, the Hst of these leading terms, as already remarked in [SOj, is 
not exhaustive. In the next section we complete this Hst with further terms, 
necessary for the sequel H. 

We end this section with the explicit example of the bubble and the sunshine 
graph (Fig. EJ] and Fig. El. 



X4 



Xi X2 



yi 



ys yi 



Fig. E.7: The bubble graph 
For the bubble graph one has 



HU, 



G,V 



{l+As^){h+t2+tlt2+ti4). 



(5.33) 




Fig. E.8: The sunshine graph 
For the sunshine graph one has 

HUg,v = [tlt2+ht3+t2t3+tlt2t3 + titlt3+ht2tlY'^ + 4.sy 

+ 16s'^itl + tltl). (5.34) 
For further reference we also give the polynomial of the graph of Fig. IE. 61 

HUay - (1 + 4s')(ti + t2 + ^3 + ht2t3)il + t2h + h{t2 + h)). (5.35) 
The polynomial HV is more involved. One has 



G,V 



HU, 



G,V 



(5.36) 



^For the purposes of jSQlj the existence of some non-zero leading terms was sufficient. 
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where P is some matrix coupling the external positions Xe and the root hyper- 
momenta py with the short u and long v variables and the rest of the hyper- 
momenta pv {V y^V). Explicit expressions can be found in |39) . 

E.3 Further leading terms in HU 

To procede with the dimensional regularization one needs first to correctly 
isolate the divergent subgraphs in different Hepp sectors. Let a subgraph S in 
the graph G. If 5 is nonplanar the leading terms in HUa suffice to prove that 
S is convergent in every Hepp sector as will be explained in section [e31 

This is not the case if S is planar with more that one broken face. Let £ be 
the line of G which breaks an internal face of S. 

If is a genus line in G (see subsection IE.2.ip , one could still use only the 
leading terms in HUg to prove that S is convergent. 

But one still needs to prove that S is convergent if the line £ is not a genus 
line in G. This is for instance the case of the sunshine graph : in the Hepp 
sector ti < < t2 one must prove that the subgraph formed by the lines li 
and ^3 is convergent. This is true due to the term IQs^t^ in eq. (|5.34p . Note that 
the variable t2 is associated to the line which breaks the internal face of the 
subgraph £i, £3. One needs to prove that for arbitrary G and S we have such 
terms. 

If we reduce S* to a rosette there exists a loop line £2^8 which either crosses 
£ or encompasses it. This fine separates the two broken faces of S. 

Definition E.3.1 Let Jo a subset of the internal lines of the graph G. Jo is 
called pseudo-admissible if : 

- its complement is the union of tree T in G and £2, 

- neither £ nor £2 belong to T , 

Let lo = {£i...£l} ~£ = I - I This implies |/| = L{G) - 1 and |J| = 
F{G) - 2 + 2g{G). For the sunshine graph (see Fig. ESl I = {^1,^3} and 
J — {£2}- One has the theorem 

Theorem E.3.1 In the sum \5.3^ the term associated to Iq and Jo above is 

^'lo-Jo ~ 4:, if £ is a genus line, in G 

~ 16, if £ is not a genus line in G. 

Proof : The proof is similar to the one concerning the leading terms of HU 
given in Lemma ///.I of [39], being however more involved. 

The matrix whose determinant we must compute is obtained from B by dele- 
ting the lines and columns corresponding to the subsets /q and Jq (as explained 
in the previous section). 

The matrix B'~ ~ has 

io, Jo 

- a fine and column corresponding to u^, the short variable of £ 
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- n lines and columns corrosponding to the v variables of the n — 1 tree lines 
of T and the supplementary line £2 

- n — 1 lines and columns associated to the hypermomenta. 

We represent the determinant of this matrix by the Grassmann integral : 

detB'i^ J (iV;|dV|#''#''#^#^e-^^'* (5.1) 
The quadratic form in the Grassman variables in the above integral is : 

-^^V;j'^(z,j)4e^.(-1)^+V| 

V V 

-EE rM^,J)44jre 

+ E E v^^'^V'^" -EE ^^"4^.^ • (5.2) 

V t;i V e;i 

We implement the first Filk move as a Grasmann change of variales. At 
each step we reduce a tree line £1 = connecting the root vertex Vg to a 

normal vertex V and gluing the two vertices. This is achieved by performing a 
change of variables for the hypermomenta and reinterpreting the quadratic form 
in the new variables as corresponding to a new vertex Vq : the quadratic form 
essentially reproduces itself under the change of variables ! 

Take £1 = a line connecting the "root" vertex Vq to a vertex V. We 

make the change of variables 

e^ii k 

+Y.{-^('Mk+^^^Mk) (-i)'^Vi 

I'^ti k 

+ ^ (-c.(*,fc)£f +a;(j,fc)£|,) {-If+'r,, (5.3) 
fe 

where the first sum is performed on the internal fines of G (note that because 
of the presence of the incidences matrices e this sum reduces to a sum on the 
fines hooked to the two vertices Vq and V). The corners i and resp. j are the 
corners where the tree line £\ hooks to the vertex Vq and resp. V . 

At each step, let us consider the coupling between the variables associated to 
the fine £\ and to the hypermomentum pv and the rest of the variables. Using 
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eq. (|5.2p one has 

p 

p 

which rewrites as 

p 

I'^li-k 



(5.4) 



13 



V;p V;p 

- Y rveikr-"- Y ^'"'^'^'^^i 

i'^ei-k £'^ei;k 



(5.5) 



Performing now in 15.41 the change of variable 15.31 for the hypermomentum pv 
of the vertex V associated to the tree Hne £i of G and taking into account that 
Efii — —Si^j the first two Hnes of 15.51 are simply 



<?pvpy I ^1,^ p'^ ^pv 



(5.6) 



As ■i/'fj and do not appear anymore in the rest of the terms we are forced 
to pair them with and ■ The rest of the terms in the quadratic form 
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+ 



V;p t^ii k 

k 

+ E [ E E (-'^(*. + ^u, # 

+ 5^ +u;{j,k)el) 

fc 

- E [ E E (-'^(*' ^)4"fe + '^(j^ # 



-[EE (-^(^' ^)4fc + ^(i- fc)4fc) # 

£'^^1 k 

+ J2{-'^ii,k)eY- +u;U,k)el)i-ir+'^ ^ (5.7) 
fc i'i^twv 

We analyse the different terms in the above equation. The term V'fV'l' is : 

- E [ - '^(», + '^(j' ^)4fc] ' = o . (5.8) 

The term in '^-V'^/ is given by : 

+Ev;|(-ir'^|, E E(-^(^'^)4°fc+'^(i.fc)4fc)# 
-E(-'^(»,p)4"+'^(j'^^)^l)(-i)'^'vi| E ^^"^fe^^- (5.9) 

V l'i^t\;k 

Setting j to be either the first or the last halfline on the vertex V we see that 
the last terms in the two lines above cancel eachother. The first two terms hold : 



E E Ev^l#(-i)'^' 

p I'i^ix k 

This can be rewritten in the form 



■^{i,k)e%e\^u:{i,v)ef;el. 



E E E^l^^M-ir'^(p,fc)4^4' 



p I'i^ix fc 



"fc ' 



(5.10) 



(5.11) 
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where Vq is a new root vertex in which the vertex V has been glued to the vertex 
Vg and the halflines on the vertex V have been inserted on the new vertex at 
the place of the halfline i. 

The coupling between -(/'"'s with ip^^is 

l^ei,k I' \ p k' = l I 

- E (-E4?'^(^'P)+E=^V(j,fc))^r E (5-12) 

Vi^l^ \ p k=l ) t^li-k' 

Again, as j is either the first or the last halfline on the vertex V , the last 
two terms in the two lines of eq. (|5.12p cancel each other. The rest of the terms 
give exactly the contacts between the 4'^ and ij}^ on a new vertex Vq obtained 
by gluing V on Vq This is the first Filk move on the line £i and its associated 
vertex V. One iterates now this mechanism for the rest of the tree fines of G. 
Hence we reduce the graph G to a rosette (see subsection IE.2.ip . 

The quadratic form writes finally as 

- E r,rA-lY^'^{v,k)e]-ef,- E #^f(-ir^c.(fc,p)ej4- 

- E riefefMj,k)r,^. (5.13) 

The sum concerns only the rosette vertex Vg- Therefore the last fine is 0, as by 
the first Ffik move we have exhausted afi the tree fines of T. 

As £ breaks the face separated from the external face by £2 we have ki < 
p < fc2. By a direct inspection of the terms above, one obtains the requested 
result. 

□ 



E.4 Factorization of the Feynman amplitudes 

Take now S" to be a primitively divergent subgraph. We now prove that 
the Feynman amplitude Ag factorizes into two parts, one corresponding to the 
primitive divergent subgraph 5" and the other to the graph G/S (defined in 
section IE.2.ip . This is needed in order to prove that divergencies are cured by 
Moyal counterterms H. 

In section IE3] we will prove that only the planar {g — 0), one broken face 
B=1,N — 2orN — 4 external legs subgraphs are primitively divergent. We 
now deal only with such subgraphs. 



^ It is also the property needed for the definition of a coproduct A for a Connes-Kreimer 
Hopf algebra structure (see |65U74| V Details of this construction are given elsewhere |76| . 
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E.4.1 Factorization of the polynomial HU 

We denote all the leading terms in the first polynomial associated to a graph 
S by HUg. If we rescale all the parameters corresponding to a subgraph S 
by p^, HUg becomes a polynomial in p. We denote the terms of minimal degree 
in p in this polynomial by HUq''^ . It is easy to see that for the subgraph S we 
have HU^^'''^ = p2[i(S)-«(S)+i]^j7!^|^^^^ i^^ve the following theorem 

Theorem E.4.1 Under the rescaling 

ta ^ p^ta (5.1) 

of the parameter corresponding to a divergent subgraph S of any Feynman graph 
G, the following factorization property holds 

HU'^^l = HU'^%HUa/s,v ■ (5-2) 

Proof : 

In the matrix M defined in eq. (|5.29p (corresponding to the graph G) we can 
rearrange the lines and columns so that we place the matrix Ms (corresponding 
to the subgraph S) into the upper left corner. We place the line (and resp. the 
column) associated to the hypermomentum of the root vertex of S to be the 
last line (and resp. column) of M (without loss of generality we consider that 
the root of the subgraph S is not the root of G) . M takes the form 







QU^p^ 






QU^p'-'^^ \ 






p 






QV^p'^^^ 




(jp^v^ 





fjp^u'^"^ 


QP^V^~^ 









Qu'^^^p^ 






(ju'^^^p'^^^ 






(jv'^^^p^ 






Qw'^^^p'^^^ 




Qp'^'^V^ 









J 



where we have denoted by E^ " a coupling between two short variables cor- 
responding to internal lines of S etc.. 

I. We first write the determinant of the matrix above under the form of a 
Grassmannian integral 

detM = / d^P''d^''diP''d^''d^pPd^Pe-'''^'''^ . (5.3) 



Denote a generic line of the subgraph S by £s and a generig line of the 
subgraph G — S" by ia-s- 

We perform a Grassmann change of variables of Jacobian 1. The value of 
the integral l|5.3p does not change under this change of variables. We will prove 
that the following properties hold for the different terms in the Grassmanian 
quadratic form 

= diag(iO, = 0, i;'-""^"" = 
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The new matrix of the quadratic form M'will now be 







(ju^p^ 






(ju^p^-^ \ 






fjv^p^ 








(jv^p"^'^ 





















(jp^u'~^~^ 












(ju'^^^p^ 






Qu'^^^p'^^^ 







Qv'-^^^p^ 






(jv'^~^p'-'^^ 









(jp'^^^u'^^^ 




/ 



The first part of the proof follows that of section IE.3| where we replace 

reG-s e'eG-s 
Thus the appropriate change of variables is now 

f'eG-s 

+ E {-^{^,k)ell+Lo{J,k)el,){-lf+'r^>■ (5-6) 

f'EG-S 

We emphasize that this Grassmann change of variables can be viewed as 
forming appropriate linear combinations of lines and columns. As we only use 
lines and columns associated to hypermomenta ps, this manipulations can not 
change the value of the determinant in the upper left corner : it will allways 
correspond precisely to the first polynomial of the subgraph S. 

The relevant terms in the quadratic form are those of eq. I|5.4p and eq. I|5.5p , 
with the substitutions (|5.5p . Again, after the change of variables 15.61 the only 
surviving contacts of i/'fj and '4)1^ are given by eq. I|5.6p . Finally, the remaining 
terms are given by eq. (|5.7p with the substitutions l|5.5p . 

One needs again to analyse the different terms in this equation. The qua- 
dratic term in -0"^" is : 

E r,rt. {-lf+P+' (c.(*, k)e%e% - u;{j, k)eY,^ef„, 
i',t"eG-s 

~Lu{i, k)eY,l£i"p + ^{i, k)eY,k£t'p) ■ (5.7) 

As j is either the first or the last halfiine on the vertex V, we see that the last 
terms in the two fines above cancel. The remaining two terms give the contacts 
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amongst ■0" and ip'^ on the rosette new vertex Vg, obtained by gluing Vs and 
V respecting the ordering. 

The contacts between i/i" and become 

-EE + ^ij^p)4p) (-ir E ^^'^'fcV'." ■ 

e' p i"^ii:k 

Again that the last terms in the two lines above cancel. Rearanging the rest as 
before we end recover again the terms corresponding to a rosette. 

Finally for the "ip^ and V'^ contacts eq . l|5.12p goes through. 

We iterate the change of variables only for a tree in the subgraph S, hence 
we reduce the subgraph S" to a rosette (see subsection lE.2.ip . As the quadratic 
form reproduced itself, the root vertex Vs is now a Moyal vertex, with either 2 
or 4 external legs. 

Let r be an external half line of the subgraph S. As S is planar one broken 
face any line Is = {p, q) will either have r < p,q or p,q < r. Thus 

i?'"''''" = E ^(P' r)e%4Lsr = • (5-8) 

l,p,r 

The reader can check by similar computations that eq. (|5.4p holds. 

II. To obtain in the lower right corner the matrix corresponding to the graph 
G/S,we just have to add the lines and columns of the hypermomenta correspon- 
ding to the vertices of 5* to the ones corresponding to the root of S. Furthermore, 
by performing this operation, the block C" ^ (which had only one non-trivial 
column, the column corresponding to the hypermomentum Pvs) becomes iden- 
tically 0. Forgetting the primes, the matrix in the quadratic becomes : 







(ju^p^ 










tgSySyS 


(jv^p^ 











(jp^u^ 


(jp^v^ 





(jp^u^"^ 












QU^^^p^ 













(jv'^^^p^ 




^^G/S^G/S 


QyG/SpG/S 












^pG/S^G/S 


/ 



This is equivalent to the Grassmannian change of variables : 

X'"' = X"' + V''^ ■ (5.9) 

III. We finally proceed with the rescaling with of all the parameter ta co- 
responding to the divergent subgraph S (see I5.ip . Recall that these parameters 
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are present as on the diagonal of the block E"'^"^ and as on the diagonal 

of the block E''''''^ 

We factorize ^ on the first ^(5*) Hnes of columns of M (corresponding to the 
variables) and p on the next L{S) Hnes and columns (coresponding to the v^' 
variables). We also factorize ^ on the n{S) — 1 Hnes and columns corresponding 
to the hypermomenta . This is given by the Grassmann change of variables 

p 

X'" = -X'- (5.10) 
P 

In the new variables the matrix of the quadratic form is 



1 „2 Tpfuu' 

> -\- p rj 


^fuv 


p2(jup 






p(j,up \ 


^fvu 






















pCP" 


pCP" 










pC^P 








pE'"" 





pcp 
















(jlp'-' / ^ u'-' f ^ 




/ 



V 

The determinant of the original matrix is obtained by multiplying the overaH 
factor p^2n(S)+2 (coming from the Jacobian of the change of variables) with the 
determinant of the matrix (|5.1ip . To obtain HUc, according to eq. I|5.30p we 
must multiply this determinant by a product over all lines of t^. 

The determinant upper left corner, coresponding to the subgraph S, mul- 
tiplied by the appropriate product of as in eq. I|5.30p and by the Jacobian 
factor holds the complete polynomial HUs- At leading order in p it is HUg ''^ 

The determinant of the lower right corner, multiplied by its corresponding 
product of holds the complete polynomial HUq/s and no factor p. 

At the leading order in p the off diagonal blocks become 0. Therefore we 
have 

TJC/g^") = HUg^'^HUa/s ■ (5.11) 

□ 

Let us illustrate all this with the example of the graph of Fig. IE. 31 where 
the primitive divergent subgraph is taken to be the sunshine graph of Hnes £4, £5 
and £g. A direct computation showed that, under the rescaling 

t4 p^U, ts p\, te ^ p^U, (5.12) 

the leading terms in p of the polynomial HUg factorize as 

p"" ((1 + 45^)^4(^5 + h) + h{h + 8s2(2t5 + tg + 2s'^t^)) 
(1 + 4s2)(ii +t2+ h + titans) (1 + ^2^3 + tiit2 + ts)). (5.13) 
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The first line of this, formula corresponds to the leading terms under the rescaling 
with p of HUs, while the second line is nothing but the polynomial HUg/s of 
eq. (|05ll . 



E.4.2 The exponential part of the Feynman ampHtude 

In order to perform the appropriate subtractions we need to check the fac- 
torization also at the level of the second polynomial. Throughout this section 
we suppose that S" is a completely internal subgraph, that is none of its exter- 
nal points is an external point of G. The general case is treated by the same 
methods with only slight modifications. We have the following lemma 

Proposition E.4.2 Under the rescaling ^-> p^t^ of all the lines of the sub- 
graph S we have : 



HVg 



HUg 



_ HVg/s 

p=a HUg/s 



(5.14) 



Proof : The ratio §^ is given by the inverse matrix Q ^ due to eq. I|5.36p 
which in turn is given by (see [39j for the exact relation). Thus any property 
which holds for will also hold for . 

We write the matrix elements of the inverse of M with the help of Grassmann 
variables 

As 5 is a completely internal subgraph we only must analyse the inverse 
matrix entries 

j dj^d^P^PG-s^G-se-^^'^ 



the only ones which intervene in the quadratic form due to the matrix P in l5.36l 
None of the changes of variables of the previous section involve any Grassmann 
variable associated with the G — S sector. We conclude that 

{M-^)g-sg-s = {M'-^)g-sg-s , (5.17) 

with M' in (|5.9p . After the rescaling with p, the matrix M' becomes l|5.1ip . At 
leading order we set p to zero so that M' becomes block diagonal. Consequently 

Mg-sg^s = M'^lsG/s ■ (5-18) 

□ 
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E.4.3 The two point function 



The results proven above must be refined further for the two point function. 
The reason is that, as explained in section IE3| the two point functions have two 
singularities so that one needs also to analyse subleading behaviour. 

In the sequel we replace Qg by Mq, Qg/s by Mg/s, etc., the difference 
between the Q's and the M's being inessential. 

When integrating over the internal variables of G we start by integrating 
over the variables associated to S first. All the variables u, v and p appearing in 
the sequel belong then to G/S. The amplitude of the graph G will then write, 
after rescaling of the parameters of the subgraph S and having perform the first 
Filk move 



-{u V p)(M'a/s+p'SM') 



Ag = J[dtidp] j[dudvdpf/^ p 



G/S 2L{S)-l'_ 



V 



HUi (P) 



(5.19) 



where [dtdp] is a short hand notation for the measure of integration on the 
Schwinger parameters, to be developped further in the next section, [dudvdp]^^^ 
is the measure of integration for the internal variables oi G/S, and M' is given 
in eq. IjS.lip . We explicitate SM' as 



SM' 







c^'^'^p"' 
c^^'^p' 



( ClS^Su'S 
, s s 

J^fV u 



, s s 





tlSySylS 


(jv^p^ 


(jp^v^ 








fjp^v"^^^ 








(5.20) 



The Taylor development in p of the exponential gives 

-{u V p)M'a/s 

[dti] / [dudvdpf/^e 



1 + (u V p) SM' V 
j dpp2^(^)-i(-l) 



HUi (P) 



(5.21) 



The first term in the integral over p above corresponds to a (quadratic) mass 
divergence. 

The second term (logarithmically divergent) coresponds to the insertion of 
some operator which we now to compute. 
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The interaction is real. This means that we should symmetrize our ampli- 
tudes over complex conjugation of all vertices. For instance, at on loop one 
should allways symmetrize the left and right tadpoles [371 [38t FZO] 0. 

Consequently, the inverse matrix in eq. I|5.20p is actually a sum over the two 
possible choices of orientation of vertices. We must also sum over all possible 
choices of signs for the entries in the contact matrices in eq. I|5.20p as a similar 
symmetrization must be performed for the hypermomenta. 

As V'" couples only to the linear combination 4'e in the initial 

matrix as well as in the change of variables, we have i?'" " — ^Yc-si^'^ ^ 

Due to the sums over choices of signs, the only non zero entries in SM' are 
SM's s, SM's s, 6M's s, 6M's s and SM' „_ . 

We denote the two external lines of S by and ^2- A tedious but straight- 
foreward computation holds 

(u V p) SM' lv\ = (^AiisJ^^ue, + Vi,f + A^{e\^^ui^ + v^^f 



BipL). (5.22) 



The first two terms are an insertion of the operator Sla;^ whereas the last is 
the insertion of an operator — A + x^, being of the form of the initial lagrangean. 

Take the graph G/S with the insertion of this operator at S, and with the 
adition of eventual mass subdivergencies (due to the first term) . We denote it 
by an operator Os action on the graph G/S. 

We can then sum up the results of this section in the formula : 

e HUaip) 1 o e ""o/s 

(l + p"0s) . (5.23) 



G/S 



E.5 Renormalization of NCQFT 

In this final section we proceed to the dimensional regularization and re- 
normalization of NCQFT. We detail the meromorphic structure and give the 
form of the subtraction operator. Dimensional regularization and meromorphie 
of Feynam amplitudes for this model was also established in ^77j. However, for 
consistency reasons we will give here an independent proof of this results. 

However, as the proof of convergence of the renormalized integral for this 
$4* model is identical with that for the commutative $1 (up to substituting the 
commutative subtraction operator with our subtraction operator) we will not 
detail it here. 

''Following [56| one can prove using this argument that if terms like xd do not appear in the 
initial lagrangean for the complex orientable model, they will not be generated by radiative 
corrections, which not proven there. 
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E.5.1 Meromorphic structure of NCQFT 

In this subsection we prove the meromorphic structure of a Feynman ampli- 
tude A. We follow here the approach of [T^. We express the amplitude by eq. 
i;5T7|l 

AaM^^^P^^^D)-[^) I'llMl-tl)^-^'-^^^^- (5.1) 



We restrict our analysis to connected non- vacuum graphs. As in the commuta- 
tive case we extend this expression to the entire complex plane. Take a Hepp 
sector a defined as 

0<ti< ...<tL, (5.2) 
and perform the change of variables 

L 

U = n^?' 1=1, ...,L. (5.3) 



We denote by d the subgraph composed by the lines ti to U. As before, we 
denote L(Gi) = i the number of lines of Gi, g{Gi) its genus, F{Gi) its number 
of faces, etc.. The amplitude is 



nl L 

/ \ r. \ ^ I 

■^cv — 



i=l y j=i 

In the above equation we factor out in iJi/^ ythe monomial with the smallest 
degree in each variable Xi 



L 

2\2 



= 1 \ 

HV„ 



Xa TT. (5.5 

(as'' + F(a;2))# 

The last term in the above equation is always bounded by a constant. Diver- 
gences can arise only in the region Xi close to zero (it is well known that this 
theory does not have an infrared problem, even at zero mass). 
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The integer b'{Gi) is given by the topology of Gi. It is 

' < L{G,) - [n(GO - 1] - 2g{Gi) if g{G,) > 
b'iG,) = I < L{Gi) - n{Gi) if g{Gi) = and S(G,) > 1 . (5.6) 

= L{G,) - \n(G,) - 1] if 5(G0 = and B(G,) = 1 

To prove the first and the third line one must look at the scaling of a leading 
term with / = {1 . . . L} and J admissible in HUq- For the second line one must 
take / = { \ . . .L} — £ and J pseudo-admissible. We have proved that such terms 
exists in section Ie31 

We see that b'{Gi) is at most L{Gi) — n{Gi) + 1 and that the maximum is 
achieved if and only if g{Gi) = and B{Gi) — 1. 

The convergence in the UV regime {xi 0) is ensured if 

3fi[2L(G0 - Db'{Gi)] > 0, i = 1 . . . L . (5.7) 

As 

lk[2L{Gi) - Db'{G,)] > 3?(2L(G,) - D[L{G^) - n(G,) + 1]) , (5.8) 
we always have convergence provided 

^n,2< MG^)~N{G.) ^ 2L(G0 

- n(GO - iV(G0/2 + 1 - L{G^) - n{G^) + 1 ' ^ ' 

where N{Gi) is the number of external points of Gi0. Thus Ag^y{D) is analytic 
in the strip 

V = {D\0<^D <2}. (5.10) 

We extend now the ^ as a function of D for 2 < < 4. We claim that if 

- 5(G.) > 

- g{G^) = and S(G,) > 1 

- N{G,) > 4 , 

the strip of analyticity can be immediately extended up to 

V ^{D\0<^D kA + sg}- (5.11) 

for some small positive number eq depending on the graph. Indeed, for the first 
two cases we have b'{Gi) < L[Gi) — n{Gi) so that the integral over Xi converges 
for 

^D^l r MG^)-N{G,) 2£(G.) 

-^n(G.)-A^(G,)/2 L(G.)-n(G,)' ^ ' 



'We have used here the topological relation 4n(Gi) — N{Gi) = 2L{Gi) 



E.5. RENORMALIZATION OF NCQFT 



197 



whereas in the third N{Gi) > 4 the integral over Xi converges for 

- n{G,)-N{G,)/2 + l L(G,)-n(G,) + l ■ ^ ' 

The only possible divergences in Aq v{D) are generated by planar one two 
or four external legs subgraphs with a single broken face. They are called pri- 
mitively divergent subgraphs. 

Let S" be a primitively divergent subgraph and call p its associated Hepp 
parameter. Using eg. 15.231 its contribution to the amplitude writes : 



The integral over p is a meromorphic operator in D with the divergent part 
given by 

-Ps. 



2L{S) - D[L{S) - n{S) + 1] 2L(S) - D[L{S) ~ n{S) + 1] + 2 

We have a pole at 13 = 4 if S" is a four point subgraph. If 5 is a two point 
subgraph we have poles at Z? = 4 — 2/n{S) and D = 4. As all the singularities 
are of this type we conclude that Ag is a meromorphic function in the strip 

V = {D\0<^D kA + eg}- (5.15) 

□ 

E.5.2 The subtraction operator 

The subtraction operator is similar to the usual one (see [71] [72]), with the 
notable difference that the set of primitively divergent subgraphs are different. 
We give here a brief overview of its construction. For all functions p^g^p) with 
g{0) 0, denote E^iy) the smallest integer such that E{u) > ^v. Let 

9 1 

=E^5^'^(0)' '?>0; Tp'-O, <7<0, (5.16) 

k=0 

be the usual Taylor operator. We define a generalized Taylor operator of order 
n by 



[p'^gip)]^p-^T--^^''^[gip)]. (5.17) 



To each primitively divergent subgraph we associate a subtraction operator 
Tg "^^^^"^ acting on an integrand like 



-2L{S) 



e ""G 



(5.18) 

p=i 
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Take the example of a bubble subgraph S. It is primitively divergent, and 
taking into account the factorization properties we have 



HVg 



HU, 



D/2 



1 



(5.19) 



If Z? < 4 E{D) 



-3 and if £1 > 4 E{D) 




r.-4 = < 



^G/S 



1 



'A. Consequently 
if Z? < 4, 

if Z) > 4. 



(5.20) 



As expected the operator subtracts only for D > 4, and it exactly compen- 
sates the divergence in the expression l|5.14p . 

We then define the complete subtraction operator as 



R = 1 



En( 



-2L{S) 



(5.21) 



where the sum runs over all forests of primitively divergent subgraphs. 

From this point onward the classical proofs of (see [71], [72]) go through. 
Theorems 1, 2 and 3 of [72] so that we have the theorem 



Theorem E.5.1 The renormalized amplitude 

Aq — RAg , 
is an analytic function of D in the strip : 

V ^{D\0<^D <4 + sg}, 
for some small positive number eq- 



(5.22) 



(5.23) 



E.6 Conclusion and perspectives 

We have presented in this paper the dimensional regularization and dimen- 
sional renormalization for the vulcanized $4"* model. The factorization results 
we have proven are the starting point for the implementation of a Hopf algebra 
structure for NCQFT [76]. 

The implementation of the dimensional renormalization program for co- 
variant NCQFT (e.g. non-commutative Gross-Neveu or the Langmann-Szabo- 
Zarembo model |49j, see section 1) should follow the layout presented here. 

One should try to extend the techniques presented here to non-commutative 
L-S dual gauge theories. Such models have recently been proposed, fMl [34] but 
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the reader should be aware that no proof of renormahzabiHty of this models yet 
exists. 

All the results mentioned here are obtained on a particular choice of non- 
commutative geometry, the Moyal space. One should try to extend this re- 
sults to the NCQFT's on more involved geometries, like for example the non- 
commutative tori. 

As mentioned in the introduction, NCQFT is a strong candidate for new 
physics beyond the Standard Model. One could already study possible phenome- 
nological implications for Higgs physics of such non commutative renormalizable 
$4'' models. The absence of Landau ghost makes this theory better behaved than 
its commutative counterpart. Also the Langmann-Szabo symmetry responsible 
for supressing the ghost could play a role similar to supersymmetry in taming 
UV divergencies. 

Acknowledgment : We thank Vincent Rivasseau for indicating us refe- 
rences [TTj and [72] and for fruitful discussions during the various stages of the 
preparation of this work. 
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We extend the complete Mellin (CM) representation of Feynman amplitudes 
to the non-commutative quantum field theories. This representation is a versa- 
tile tool. It provides a quick proof of meromorphy of Feynman amplitudes in 
parameters such as the dimension of space-time. In particular it paves the road 
for the dimensional renormalization of these theories. This complete Mellin re- 
presentation also allows the study of asymptotic behavior under rescaling of 
arbitrary subsets of external invariants of any Feynman amplitude. 

F.l Introduction 

Recently non-commutative quantum field theories such as the (j)*^ and the 
Gross-Neveu2 models have been shown renormaHzable [27l[28l[29l[32l[lll[56j pro- 
vided the propagator is modified to obey Langmann-Szabo duality [30]. These 
theories are called "vulcanized", and in [39l [40] the Feynman-Schwinger para- 
metric representation was extended to them. For recent reviews, see |75[ 178). 

In this paper we perform a further step, generalizing to these vulcanized 
NCQFT the complete Mellin (CM) representation. This CM representation is 
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derived from the parametric representation established in [39^ |40] and provides 
a starting point for the study of dimensional renormalization and of the asymp- 
totic behavior of Feynman amplitudes under arbitrary rescaling of external in- 
variants. 

The study of asymptotic behaviors in conventional (commutative) field theo- 
ries started in the 1970's with the papers |63[ [791180] which use the BPHZ renor- 
malization scheme. Their approach is based on the Feynman-Schwinger para- 
metric representation of amplitudes. This representation involves "Symanzik" or 
"topological" polynomials associated to the Feynman diagram. In commutative 
theories these "topological polynomials" are written as sums over the spanning 
trees or 2-trees of the diagram [8T|l82j. The corresponding mathematical theory 
goes back to the famous tree matrix theorem of Birkhoff (see and references 
therein). 

In vulcanized NCQFTs, propagators are no longer based on the heat kernel 
but on the Mehler kernel. The kernel being still quadratic in position space, 
explicit integration over all space variables is still possible. It leads to the NC- 
QFT parametric representation. This representation no longer involves ordinary 
polynomials in the Schwinger parameters, but hyperbolic polynomials [39]. As 
diagrams in NCQFT are ribbon graphs, these hyperboHc polynomials contain 
richer topological information than in the commutative case. In particular they 
depend on the genus of the Riemann surface on which the graphs are defined. 

Returning to the Mellin transform technique, it was introduced in commu- 
tative field theory to prove theorems on the asymptotic expansion of Feynman 
diagrams. The general idea was to prove the existence of an asymptotic series 
in powers of A and powers of logarithms of A, under rescaling by A of some (Eu- 
clidean) external invariants associated to the Feynman amplitudes. The MeUin 
transform with respect to the scaling parameter allows to obtain this result in 
some cases and to compute the series coefficients, even for renormalized dia- 
grams [83]. But it did not work for arbitrary subsets of invariants. 

In the subsequent years, the subject advanced further. The rescahng of inter- 
nal squared masses (in order to study the infrared behavior of the amplitudes) 
was treated in |84j . There the concept of "FINE" polynomials was introduced 
(that is, those being factorizable in each Hepp sector |85] of the variable^. 
It was then argued that the Mellin transform may be "desingularized", which 
means that the integrand of the inverse Mellin transform (which gives back the 
Feynman amplitude as a function of A) has a meromorphic structure, so that the 
residues of its various poles generate the asymptotic expansion in A. However, 
this is not the case under arbitrary rescaling, because in many diagrams the 
FINE property simply does not occur. 

A first solution to this problem was presented in [84] by introducing the so- 
called "multiple Mellin" representation, which consists in splitting the Symanzik 
polynomials in a certain number of pieces, each one of which having the FINE 
property. Then, after scaling by the parameter A, an asymptotic expansion can 
be obtained as a sum over all Hepp sectors. This is always possible if one adopts. 
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as done in |86 [ [87 t [88]. the extreme point of view to split the Symanzik polyno- 
mials in all its monomials. Moreover, this apparent complication is compensated 
by the fact that one can dispense with the use of Hepp sectors altogether. This 
is called the "complete Mellin" (CM) representation. 

The CM representation provides a general proof of the existence of an asymp- 
totic expansion in powers and powers of logarithms of the scaling parameter in 
the most general case. Moreover the integrations over the Schwinger parameters 
can be explicitly performed, and we are left with the pure geometrical study of 
convex polyhedra in the Mellin variables. The results of [84] are obtained in a 
simpler way [86], and asymptotic expansions are computed in a more compact 
form, without any division of the integral into Hepp sectors. 

Moreover the CM representation allows a unified treatment of the asymptotic 
behavior of both ultraviolet convergent and divergent renormalized amplitudes. 
Indeed, as shown in [MIIHT], the renormalization procedure does not alter the 
algebraic structure of integrands in the CM representation. It only changes the 
set of relevant integration domains in the Mellin variables. The method allows 
the study of dimensional regularization [87[ I88j and of the infrared behavior of 
amplitudes relevant to critical phenomena |89j . 

The CM representation is up to now the only tool which provides asymptotic 
expansions of Feynman amplitudes in powers and powers of logarithms in the 
most general rescahng regimes. More precisely consider a Feynman amplitude 
G(sfc) written in terms of its external invariants Sk (including particle masses), 
and an asymptotic regime defined by 

Sk^X'^'Sk, (6.1) 

where ak may be positive, negative, or zero. Let A go to infinity (in this way 
both ultraviolet and infrared behaviors are treated on the same footing). Then 
G{sk) as a function of A has an asymptotic expansion of the form : 

-oo <;mox(p) 

G(A;sfc)= J2 J2 Gp,(sfc)APln«A, (6.2) 

P=Pmax q=0 

where p runs over decreasing rational values, with Pmax as leading power, and 
q, for a given p, runs over a finite set of non-negative integer values. 

The CM representation proves this result for any commutative field theory, 
including gauge theories in arbitrary gauges [90]. 

The above general result should hold mutatis mutandis for non-commutative 
field theories. In this paper we provide a starting point for this analysis by 
constructing the CM representation for 4>*'^ (Theorem IF. 4. II below). Moreover 
using this representation we check meromorphy of the Feynman amplitudes in 
the dimension of space-time (Theorem IF.S.ip . 

The main difference with the commutative case is that this integral repre- 
sentation (previously true in the sense of functions of the external invariants) 
now holds only in the sense of distributions. Indeed the distributional character 
of commutative amplitudes (in momentum space) reduces to a single overall 
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(5-fuiictioii of momentum conservation. This is no longer true for vulcanized 
NCQFT amplitudes, which must be interpreted as distributions to be smeared 
against test functions of the external variables. 



F.2 Commutative CM representation 

For simpHcity we consider a scalar Feynman amplitude. To get the CM 
representation [86], rewrite the Symanzik polynomials as 

j e=i j k \l=l ) k 

where j runs over the set of spanning trees and k over the set of the 2-trees, 

f if the line £ belongs to the 1-tree j ,^ 

Uii = S , ■ (6-4) 

■' 1 otherwise ' 



and 



J if the Hne £ belongs to the 2-tree k , , 

^^'^ ' 1 otherwise. 



The Mellin transform relies on the fact that for any function /(u), piecewise 
smooth for u > 0, if the integral 



g{x) = / duu-''-'f{u) (6.6) 
Jo 

is absolutely convergent for a < Re x < P, then for a < a < l3 

f{u)^— dxg{x)u^. (6.7) 

Consider D the space-time dimension to be for the moment real positive. 
Taking f{u) — e~", and applying to m = Vk/U one gets 



e-^^/^ = I r(-,,) (^^ j , (6.8) 

where J^^ is a short notation for d{imjik) ^ .^^j^jj j^g fixed at Tk < 0. We 
may now recall the identity 

r{u)(A + By" = I ^(Im '^) y{-x)A^V{x + u)B-^~'^. (6.9) 
J-oo 27r 

Taking A = Ui{x) and B = U2 + U-i + ■ ■ ■ and using iteratively the identity 
above, leads, for u — yk + to 



x,)U;\ (6.10) 
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with Re Xj — aj < 0, Re (J^k J/fe + t) = ^k '''fe + T > and means 
j+oo j-j^ ^.^j^ a-^. + = Then, using ^ and (glOl), the 

ampUtude is written as 

"'A ^- (- l^j Xj) ^ Jo J 

(6.11) 

where 

= ^ u.ijXj + ^ VikUk + 1- (6-12) 
J fc 

The symbol means integration over the independent variables , 

in the convex domain A defined by (cr and r standing respectively for Re Xj 

and Re yk) : 



a, < 0; Tk < 0; Xj + Efe 2/fc = ; 
Vi, Re 0i = J2i "yf^j + Efe ^^fc'^fe + 1 > 



3.13) 



This domain A is non-empty as long as D is positive and small enough so that 
every subgraph of G has convergent power counting [86] , hence in particular for 
the (f>* theory it is always non empty for any graph for < D < 2. 

The a integrations may be performed, using the well-known representation 
for the gamma function, so that we have 

dai e-"'™' af'-i = T (cj^i) (mf)"^' (6.14) 



laisk^mf) 







and we finally get the CM representation of the amplitude in the scalar case : 

n,-r(-x,-) 



L n 4'n-yk) n H)-'' r (00 . (6.i5) 



This representation can now be extended to complex values of D. For instance 
for a massive (j)'^ graph, it is analytic in D for < 2, and meromorphic in D 
in the whole complex plane with singularities at rational values ; furthermore its 
dimensional analytic continuation has the same unchanged CM integrand but 
translated integration contours \87\ I88j. 



F.3 Non-commutative parametric representation 

Let us summarize the results of [39]. Define the antisymmetric matrix a as 
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The (5— functions appearing in the vertices can be rewritten as an integral over 
some new variables pv called hypermomenta, via the relation 

^ip' {X1—X2+X3 — X4,) _ f dp ^pa(xi—X2+X3 — X4) 

(6.17) 



Six, + -3 - X4) = / (^e- .---3-..; = J 



Let be a ribbon graph. Choosing a particular root vertex V, the parametric 
representation for the amplitude of Q is expressed in terms of te = tanhQ;£/2 
(where ai is the former Schwinger parameter) as 

where D is the space-time dimension, X summarizes all positions and hyper- 
momenta and G is a certain quadratic form. Calling Xe and py the external 
variables and Xi,pi the internal ones, we decompose G into an internal quadra- 
tic form Q, an external one M and a coupling part P so that 

X = {xe Pv Xi pi), G=lpt , (6.19) 

Performing the Gaussian integration over all internal variables one gets the 
non-commutative parametric representation : 



.4«^yn<i<,(l-.?)-'^e K"'/. (6^20) 

This representation leads to new polynomials HUg y and HVg y in the ti 
{£ = 1, . . . ,L) variables, analogs of the Symanzik polynomials U and V of the 
commutative case, through 



Ag{{Xe}, Py)=K' []dt,(l-t,^)^-l " • . (6.21) 

Jo J, HUgy{t)2 

The main results of O [40] are 

- The polynomial HUg y and the real part of HVg y have a positivity pro- 
perty. They are sums of monomials with positive integer coefficients, which 
are squares of Pfaffians with integer entries. 

- Leading terms can be identified in a given "Hepp sector", at least for orien- 
tahle graphs. In HUg y they correspond to hyper-trees which are the dis- 
joint union of a tree in the direct graph and an other tree in the dual 
graph. Any connected graph has such hypertrees. Similarly "hyper-two- 
trees" govern the leading behavior of HVg y in any Hepp sector. 
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Let us relabel the 2L internal positions of ^ as L short and L long variables in 
the terminology of |56] . It has been shown in |j39j that for the Grosse- Wulkenhaar 
oi*^ model : 



„2g-ki 



u n 



K, 



Ku=IUJ, n+\Ku\ odd 



i<^i I'eJ 



(6.22) 



Kn 



where 



- / is a subset of the first L indices (corresponding to the short variables) 
with |/| elements, and J a subset of the next L indices (corresponding to 
the long ones) with | J| elements. 

- B is the antisymmetric part of the quadratic form Q restricted to these 
2L short and long variables (i.e. omitting hypermomenta) 

- riKu = Pf(i?^) is the Pfaffian of the antisymmetric matrix obtained from 
B by deleting the lines and columns in the set Ky — I U J. 

- is \Ku\ ^ L — F + 1, where F is the number of faces of the graph, g 
is the genus of Q and s is a constant. 



- a-Ku 



„2g-kf 



vn^Ku^ and 



UtKv 



if ^ e / and £ ^ J 

1 if (£ ^ / and £ ^ J) or (£ e / and I i J) 

2 if ^ ^ / and £ e J 



(6.23) 



The second polynomial HV has both a real part HV^ and an imaginary 
part HV^ , more difficult to write down. We need to introduce beyond / and J 
as above a particular fine r ^ / which is the analog of a two-tree cut. We define 
Pf(i3^-^.) as the Pfaffian of the matrix obtained from B by deleting the lines 
and columns in the sets /, J and t. Moreover we define £/_r to be the signature of 
the permutation obtained from (1, . . . ,d) by extracting the positions belonging 
to / and replacing them at the end in the order 



1, . . . 1, . . . ,zi, . . . , ...,ir,.. .,d,ir,i\i\ 
where d is the dimension of the matrix Q. Then : 

TiKv 
rV. 



, ,11 , 



(6.24) 



G.y 



Kv=iu.j e^i e/eJ ei t^k 

Kv \i=\ J Kv 



3.25) 



where 



r4Kv 



PerSKyrPt{B 



(6.26) 
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and V£Kv given by the same formula as UiKu ■ 

The imaginary part involves pairs of lines r, r' and corresponding signatures 
(see dH So] for details) : 



Kv=iuJi(^i e'eJ 

Gl:G2 TT' 

Kv \£=1 / Kv 



where 



= £K.Pf(B^V) E(E^-^^vrr'Pf(S^Vfr')^e'r')2^eaXe' . (6.28) 



e,e' r,r' 



A similar development exists for the LSZ model ([lOj), although more invol- 
ved. The first polynomial in this case writes 

/C{l...-L}, lei ^ l'e{l,...,L} 

n+\I\ odd 



= E aKuWtT"" ^Y.HUku- (6.29) 

Ku=IUJ e Ku 

Again / runs over the subsets of {1, ... , L}. But J now runs over subsets of / 
(representing the expansion of Hfe/Il + ^f])) ^^"^ has again 

r if ^ e / and ^ e J ^ 

uiKu^l I HHI , = T^s'''"'''"?- (6-30) 

[2 if £ G / and ^ ^ J ^ 

There are similar expressions for the second polynomial. 

To summarize, the main differences of the NC parametric representation 
with respect to the commutative case are : 

- the presence of the constants aj in the form (|6.22p of HU ^ 

- the presence of an imaginary part iHV^ in HV , see (|6.27p . 

- the fact that the parameters uij and vik in the formulas above can have 
also the value 2 (and not only or 1). 

F.4 Non-commutative CM representation 

For the real part HV^ of HV one uses again the identity (|6.8p as 



e-"^^v/^^l r(-,Ij(^ , (6.31) 
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which introduces the set of MeUin parameters . 

However for the imaginary part one cannot apply anymore the same identity. 
Nevertheless it remains true in the sense of distributions. More precisely we 
have for HV^ JU > and -1< tI < 



n-vlv) 



u 



5.32) 



The proof is given in Appendix B. 

Note that this introduces another set of MeUin parameters yj^^ . The distri- 
butional sense of formula (|6.32p is a translation of the distributional form of a 
vertex contribution, and the major difference with respect to the commutative 
case. 

For the polynomial HU one can use again the formula (|6.10p which rewrites 
here as 

r(Ey^v + Y)(^t^)"''^^''^^^''^^'"*=/nr(--i.Jt^r/, (6.33) 

\ Kv / Ku 

Note that the role of the MeUin parameters yKv of the commutative case is now 
played by the sum y'^^ + yj^^ . 

As in the commutative case, we now insert the distribution formulas (|6.3ip . 
I|6.32p and (|6.33p in the general form of the Feynman amplitude. This gives 



An = K 



, f I\Ku''Kl"'^i-XK 



n(*.)''"r(-!/iv)) /'ri<ii,(i -(?)*-'(?'-' 

Kv J 1=1 



5.34) 



where 



^ UiKuXKu + Y^ivfKvVKv + ^IKvVKv) + ^■ 
Ku 



Kv 



^^^Ku Im Vkv I" VKy 



Here f « means integration over the variables , , o 
A is the convex domain : 



(^Ku < 0; rf^ < 0; -1< r^:^ < 0; 

Eku^ku +Y.KviyKv+yKv) = - f ; 

Wi, Re 4>e = J2Ku '^iKu'^Ku 



5.35) 



, where 



5.36) 



+ Ekv«v^Kv + ^Kv^Kv) + 1 > 



and cr, t'^ and stand for Re xku. Re y^ and Re yj^ 
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The dti integrations in l|6.34p may be performed using the representation for 
the beta function 



nl L 
'0 1=1 

Furthermore one has 



^'ndt,(l-t|)--4f-^i/3(f,f). (6.37) 



2' 2' r(^^) 

This representation is convergent for < < 2 and we get : 

Theorem F.4.1 Any Feynman amplitude of a (f)*^ graph is analytic at least in 
the strip < < 2 where it admits the following CM representation 



t\ 2r(^) 



(6.38) 

which holds as tempered distribution of the external invariants. 

Proof We have to check that for any (p*"^ graph, the domain A is non empty 
for < diD < 2. It is obvious to check that A is non empty for < < 1 ; 
indeed since the integers u and v are bounded by 2, we can put an arbitrary 
single xku close to —D/2 and the others with negative real parts close to and 
the conditions 4>i > Q will be satisfied. With a little extra care, one also gets 
easily that A is non empty for < IkD < 2. Indeed one can put again one single 
xku close to —D/2, provided for any I we have u^^Ku i^ 2. For the ordinary 
Grosse-Wulkenhaar model one can always find Ku — I LI J where I — {1, L} 
is the full set of lines [39J, hence ui^Ku 2 for any £ by (|6.23p . In the "covariant" 
case treated in [40J, one can simply take Ku with J — I. Considering l|6.30p 
ensures again obviously that ui^Ku 2 for any £. 

The analyticity statement is part of a more precise meromorphy statement 
proved in the next section. □ 

We have thus obtained the complete Mellin representation of Feynman 
amplitudes for non-commutative QFT. Let us point out first that the 
distributional aspect does not affect the last product, the one involving the 
dimensionality of space-time D. Therefore, one can still prove the meromorphy 
of the Feynman amplitude Ag {D) in the space-time dimension D essentially as 
in the commutative case. This is done in the next section. 

Another difference is that the dti integration (|6.37p brought (3 functions, 
hence more complicated ratios of F functions than in the commutative case. In 
particular singularities appear for negative D which come from the integration 
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near ti = 1, hence the "infrared side". They have absolutely no analog in the 
commutative case and are due to the hyperbolic nature of the Mehler kernel. 
At zero mass these singularities occur for D real negative even integer and in 
the massive case they occur for D real but sufficiently negative depending on 
the mass. 

F.5 Meromorphy in the space-time dimension D 

The complete Mellin representation (|6.38p for non-commutative theories al- 
lows a quick proof of the meromorphy of the Feynman amplitude Ac in the 
variable D, since D appears only as argument of T functions which are mero- 
morphic. 

Theorem F.5.1 Any amplitude Ag is a tempered meromorphic distribution 
in D, that is Ag smeared against any fixed Schwarz-class test function of the 
external invariants yields a meromorphic function in D in the entire complex 
plane, with singularities located among a discrete rational set Sg which depends 
only on the graph G not on the test function. In the 0'* case, no such singularity 
can occur in the strip < SRZ? < 2, a region which is therefore a germ of 
analyticity common to the whole theory. 

Proof r functions and their inverse are meromorphic in the entire complex 
plane. Formula l|6.38p is a tempered distribution which is the Fourier trans- 
form of a slow-growth function, see Appendix A. It must be smeared against 
a Schwarz-class test function and by definition the result can be computed in 
Fourier space, as an ordinary integral of the product of the slow-growth function 
by the rapid decaying Fourier transform of the test function. At this stage the 
D-dependence occurs in fact in the integrand of an ordinary integral. 

We can now copy the analysis of ^87,. .88J . We introduce general notations 
for the variables x and y and the lattices of polar varieties (j)^ = —rir where the 
different T functions have their singularities. This defines convex cells, and sin- 
gularities in D can occur only when the hyperplane P{D) = '^v — —D/2} 
crosses the vertices of that lattice. Because the coefficients u and v can only 
take integer values (in fact 0, 1 and 2) this give a discrete set of rational va- 
lues Sg which depend on the graph, but not on the test-function. Out of these 
values, to check that this integral is holomorphic around any dimension which 
does not cross the lattice vertices is a simple consequence of commuting the 
Cauchy-Riemann djj operator with the integral through Lebesgue's dominated 
convergence theorem. 

Finally to check meromorphy, fix a particular Dq g Sg. We can write the 
Laurent series expansion of the integrand near that Dq which starts as a„Q {D — 
Doy". Multiplying by {D - L'o)"" we get a finite hmit as D ^ Do, hence 
the isolated singularity at Dq cannot be essential. Repeating the argument at 
each point of Sg we obtain meromorphy in the space time dimension D in the 
whole complex plane C, apart from some discrete rational set where poles of 
finite order can occur. □ 
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Recall that this theorem is the starting point for the dimensional renorma- 
lization of NCQFTs which will be published elsewhere [91]. 

Appendix A : Proof of the formula (|6.32p 

Let us return to formula l|6.32p . It follows from 

Lemma F.5.1 For — 1 < s < 0, as tempered distribution in u 

e-™x(u) - X{u) / r(-,s - zt) {tur+''' ^. (6.39) 



27r 

where x is the Heaviside step function ensuring u > 0. 

Proof The left hand side is a locally integrable function bounded by one (to- 
gether with all its derivatives) times the Heaviside function, so it is a tempered 
distribution. The right hand side is in fact a Fourier transform in t but taken at 
a value logu. To check that this is the same tempered distribution as e~™x(w)j 
let us apply it to a Schwartz test function /. Writing the usual representation 
for the r function we have to compute 

I{f) = — / f{u)du / {iuy+''dt / x^''-**-ie-^da;. (6.40) 

Jo J_oo Jo 

But the integrand is analytic in x in the open upper right quarter of the complex 
plane. Let us rotate the contour from x to ix. The contribution of the quarter 
circle with radius sent to infinity tends to zero because of the condition — 1 < 
s < 0, and we find 



1 



oo /'+00 pR 



I{f) = — I f{u)du I {iuy+'*dt lim / {ix)-'-''-^e-'''idx 
27rJo J-oo R^^Ja 



+00 /.oo f^R 

dt I /(e'')e''(*+i)e**^dw lim / x-'^'^-^e-^'^dx 



1 



dtG{t) lim / a;-"-'*-ie-"dx 
-oo R^°^ Jo 



1 

27r. 

rR 1 r+oc 

lim / dxe-'^'x-'-^— / dtG(t)e-**'°s^ 

f{x)e-'''dx . (6.41) 

where G{v) = f{e'")e'"^^'^^'' is still rapid decay and in the second line we change 
variables from u to v = logu and use the definition of Fourier transform for 
distributions. □ 

Appendix B : The massive case 

In the massive case we have to modify equation l|6.37p to include the addi- 
tional e""*™ per line, but unfortunately we have e^"* = so that l|6.37p 
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becomes 




(6.42) 



where the modified "Pm" function is no longer an exphcit quotient of F functions, 
and depends of the mass m. 

It is rather easy to check that the analyticity and meromorphy properties of 
this modified beta function are similar to those of the ordinary beta function, 
at least for > 0. Indeed 

^.(f, f ) - «f , f ) = 2/" n*(i - [{\j^f - i]'f'-(."3) 

The integral above is convergent for te close to 1 if 9?-D > and for ti close 
to if 3?c6; > — 1 so that it is an analytic function of D and in this domain, 
hence /3 and Pm have the same singularity structure. 

Nevertheless this CM representation becomes less explicit and therefore less 
attractive in this massive case. Remark however that for 9?_D > 0, masses are not 
essential to the analysis of vulcanized NC field theories which have no infrared 
divergencies and only "half-a-direction" for their renormalization group anyway. 
As remarked earlier, masses can only push further away the infrared singularities 
at negative D that come form the hyperbolic nature of the Mehler kernel. But 
it is not clear whether such infrared singularities at negative non commutative 
dimensions have any physical interpretation. 
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